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Quantum modeling of materials

Tight-binding model (sec. quant.):

R | , translational
H = Z [ we, D)tas(R; — R;)(ws, j] symmetry

Hop(k) = I%: e®* i t,3(R; —0)

J

Bloch picture:

AN

H = Z ‘¢avk>HaB(k)<¢ka‘

keBZ,ap

Wannier functions

wp_ (v — Ry)

|00, k) = \/lea gez‘k.m We, 1)

7

N degrees of freedom per unit cell:
Wyckoff positions, sub-lattice sites, p Py
electronic orbitals, spins

H(k) e CN xCV



Grassmannian modeling of gapped band structures

Bloch Hamiltonian:
H(k) = U(k)E(k)UT (k)
E(k) = diag|E1(k),..., En(k)]
U(k) € UWN)

/\




Grassmannian modeling of gapped band structures

Bloch Hamiltonian:

H(k) = U(k)E(R)UT (k)

E(k) = diag|F(k), ..., En(k)]

0

flattened Hamiltonian: 1B k I

Q) = (Walk) Ua(k) | ot § | @atk) L (k)




Grassmannian modeling of gapped band structures

Bloch Hamiltonian:

H(k) = U(k)E(R)UT (k)

E(k) = diag|Eq(k), ..., En (k)] £
U(k) € U(N)
AS—
flattened Hamiltonian: 1B k I

Q) = (Walk) Ua(k) | ot § | @atk) L (k)

gauge invariance of the flattened Hamiltonian:

(Uo(k) Us(k)) — (Uo(k) Uy (k) ( o 6a ) )

T2 — Gry (CN) = U(N)/[U(N,) x U(N,,)] Classifying space

(gauge structure)




C2T symmetry and reality condition

CQ(kla k27 k3) — (_kla _k27 k3)
02]= Oh(k17 k27 k3) — (klv k27 _kB)

C2T symmetry (spinful or spinless), spinless PT symmetry

A=UK A= DK

_AQ = +1 —> no Kramers degeneracies: | DD = diag{eigpj j‘\rzl

we rotate the orbitals basisby |}/ = +/ [)* and get WAWT — ¢

within the C2T plane: N

ok =k 1- f‘j*(k‘,) -1 = H(k) real and symmetric



C2T symmetry and reality condition

Akg
+1
CQ(k17k27k3) — (_klv_k27k3) /
02]=Oh(k17k27k3) — (k17k27_k3) u / g
O'hki =k +1
v CoT
C2T symmetry (spinful or spinless), spinless PT symmetry
A=UK A = DK

_AQ = +1 —> no Kramers degeneracies: | DD = diag{eig"j ;y:1

we rotate the orbitals basisby |}/ = +/ [)* and get WAWT — ¢

within the C2T plane: N

ok =k 1- f‘j*(k) -1 = H(k‘,) real and symmetric



“Real” topologies

O(N) SO(N)

R _
Grp7N — —

O(p) x O(N —p)  S[O(p) x O(N —p)]



“Real” topologies

O(N)

R
Grp7N —

O(p) x O(N —p)

7T1(Grili{’]\[)|1\f>3 = &

7T2(GrI§,N)|N#4 = /L

SO(N)

S5[0(p) x O(N —p)]

Gre
T4 4,N) N£7.8



“Real” topologies

1D
2D
3D
4D

CR O(N) _ SO(W)

PN 0(p) x O(N —p)  S[O(p) x O(N — p)]
7T1(Gr§,N)|N>3 = L
7T2(GVI§,J\I)‘N7E4 = L 7T4(Gri&,N) N£T 8 = £

spinful or spinless mT symmetry, C2T, PT  Graphene, SSH insulators

spinful or spinless C2T symmetry, PT Euler insulators
spinless PT symmetry Linked nodal rings
spinless PT symmetry Second Euler insulators



1.5D topology:
Non-Abelian braiding of Weyl nodes



1.5D topology of three-level system

H(k) = RER)RT(k)  R(k) = (e1 ez e3)
E (k) 0 0 Lie algebra representation:
E(k) = 0  Ey(k 0 Lo
Y ( o 0 Eg(k)) R(k) = e“* € SO(3)

= Hw




1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Topology over a loop in the BZ:
T1 (SO (3) ) — ZQ accumulated {0, 2r}-frame rotation,




1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T (SO (3)) — Z2 accumulated {0, 27r}-frame rotation,
\ stability of Nodal-Points pair

- i . '
0-frame rotation around €3 Nodal-Point charge has two signs!

AE
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1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T (SO (3)) — Z2 accumulated {0, 277}-frame rotation,
\ stability of Nodal-Points pair
()

© | + E

2 7T-frame rotation around €3 Nodal-Point charge has two signs!

e2 .
‘ et | ‘
B adjacent gap |
] ko - =
¢® principal gap © :
o B1
N
. |




1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; T ez * e3)

Group of gauge freedom: 0(1)3 = C; X Dy
— {E7 I} X {E7 CQZ7 Can CQQ?}

DQI

r e3
W—L
el / e2

Bdzusek et al, Science (2019)



1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; T ez * e3)

Group of gauge freedom: 0(1)3 = C; X Dy
— {E7 I} X {E7 C2Z7 Can CQLB}

DQI

Flag manifold

e - 00 _s0@ WL

Bdzusek et al, Science (2019)



1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Lie algebra representation

accumulated rotation of parallel transp. frame
Flag manifold

O0@) _
O(1)*

R _
I:|1,1,1 —




Ambiguity of the parallel transported SO(3)-frame

principal fiver bundle

with discrete structure group D2 — 50(3) — SO(S)/DQ

SO(3)-monodromy representation of 7q (SO(S)/DQ)

do ([13]) = P3 = {e,+ 0,0}

loop in the flag



Ambiguity of the parallel transported SO(3)-frame

principal fiver bundle

with discrete structure group D2 — 50(3) — SO(S)/DQ

SO(3)-monodromy representation of 7q (SO(S)/DQ)

It does not distinguishes a

-rotation

from a

(-77)-rotation around e3

SO(3) _ Spin(3)

loop in the flag D> 52



Ambiguity of the parallel transported SO(3)-frame
Lift to spin double cover

principal fiver bundle __ _ _ __
with discrete structure group D2 —> Spln(3) — Spln(?))/DQ

Spin(3)-monodromy representation of 77 (SO(S)/DQ) = 62

p_— gs'([12]) =Da= {e,e, +-,
{+j,+i, +k} te,te}

-rotation around ez =i

and

(-77)-rotation around es = -i

SO(3)  Spin(3)
D2 B 52




N-band generalization

Discrete group of all principal C2 rotations of a rank-N frame:

Py C SO(N)

O(NV) _ Spin(N)

Classifying space:

PN PN
Spin(N _
T ( pg( )> = Pxn  Non-Abelian Salingaros group
N

Bdzusek et al, Science (2019)



Computation of non-Abelian charges: lift diagram

monodromy representation = holonomy representation

Frame connection: A — RT(k) - dR(k)

k
Parallel transport: F(k) = exp {/ A} — A(k)
0

SO(N)-holonomy element: (/ N
A

F(f) =exp « = e ¢ Py

Spin(N)-holonomy element:

F(Z):%</7l>:ez(@ c Py




1.5D topology of three-level system

H (k) = R(k)E(k)RT (k)

Flag manifold

R _
I:|1,1,1 —

0(3) _ SO(3)

O(1)°

Do

m1 (SO(3)/D2) = Q

quaternion grou

P-

Q={1,-

=1, =

:j, ]

e, 1)

accumulated frame rotations
around multi-gap nodes

Bdzusek et al, Science (2019)

R(k) = (e1 ez e3) ~ (

E
'(———— Adjacent node .
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1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; T ez * e3)

E
Flag manifold 'k Adjacent node

& _ O(3) _S0( ot
1,1,1 0(1)3 D2 —— Principal nodes —»
™1 (SO(3)/D2) = Q -~k

quaternion group:

@ — {1, ::’i, ::j, ::k, —1}
generator

accumulated frame rotations Fb of
around multi-gap nodes m1(SO(3)) = Z2
—1

Bdzusek et al, Science (2019)




Reciprocal braiding of Weyl points in a C2T-plane

a Energy |

N
| * Adjacent
Adjacent «— Adjacent node band
energy gap N
Y
A . .
Principal K, <— Principal nodes —» - Principal
energy gap / bands
Y
. S
K

obstruction
to cancellation

Time 4

patch Euler class

bt cancellation
allowed

AB, et al Nature Physics 16, 1137 (2020)



Obstruction to annihilation of Weyl point-pairs

The non-Abelian charges are COMPLEMENTARY to
the chirality of the Weyl points

C2T plane

AB, et al Nature Physics 16, 1137 (2020)



2D topology:
Euler insulators and Z accumulation of nodal points



Tangent bundle of the sphere

Hairy ball theorem:

combing a hairy ball lead to vortices!




Tangent bundle of the sphere

Hairy ball theorem:

combing a hairy ball lead to vortices!

TS?

Poincarée-Hopf (Gauss-Bonnet) theorem:

> indexy (v) = x[S%] = 2

vorticity of the tangent
vector field

\4

Euler characteristic of the sphere



Tangent bundle of the sphere on a lattice




Topological Euler insulator

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)
R(k) = (u1(k) uz(k) n(k))
with 710(k) covering the sphere one time

vortices of the vector field

nodal points between
bands 1 and 2

T 0 4 nodal points -
¥




Topological Euler insulator

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)

Wilson loop winding X' =— 2 ! 4
T Y
y
y
$ 0 3
A
A
. A A
7y 0 1 L A

ky

0

i




Topological Euler insulator

Wilson loop winding X' — 4

0 0.5 1

— 1T, g2
T

8 stable nodal points

Total number of stable
Nodal Points:

#NP = 2|x]

AB, T. Bzdusek, RJ Slager, PRB 102, 115135 (2020)



Euler number of “real” 2D insulating phases

H(k) = R(K)E(K)RT (k) , R(k) e SO(3)

~~

/T — UTdU = gz-dki Is a 1-form in EO(NO) i.e. AZ- are skew-symmetric matrices

Euler connection: A = Pf(Af,;)dki (for a two-band subspace)

Euler form: Eu = da

1
Euler class: X(EU) = % 7{ Eu e Z (if B and E, are orientable)
B



Patch Euler number (gauge invariance of nodal points)

Euler number: = X(D) =1
= ! [/ Fu —]{ a} P> |
n oD e2

D)
e f] (o
—ZW c7Z _ j .

|©



Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Braiding of nodal rings in 3D PT phases




Braiding of nodal rings in 3D PT phases




Euler number conversion via braiding of Weyl points

Linked nodal rings = braiding trajectories of NP

AB, RJ Slager, arxiv:2203.16741



Metamaterial realizations
and
material candidates



Experimental observation of Euler class transition through
non-Abelian braiding of nodal points in the kagome lattice
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Experimental observation of Euler class transition through

non-Abelian braiding of nodal points in the kagome lattice
C d e

AB, et al Nat. Phys. (2021)



Experimental observation of Euler class transition through
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non-Abelian braiding of nodal points in the kagome lattice

AB, et al Nat. Phys. (2021)




Experimental observation of Euler class transition through
non-Abelian braiding of nodal points in the kagome lattice
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AB, et al Nat. Phys. (2021)



Real topologies in materials

Monolayer silicate Si2O3 under strain and varying eternal electric field

A RT' C L E W) Check for updates
Phonons as a platform for non-Abelian braiding and
its manifestation in layered silicates

Bo Peng® "4* Adrien Bouhon® 24, Bartomeu Monserrat® 134 & Robert-Jan Slager® 4>

Peng, AB, et al, Nat. Com.
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Real topologies in materials
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Monolayer silicate Si2O3 under strain and varying eternal electric field

0.0 eV/A

0.7 eV/A

1.0 eV/A

1.8 eV/A

Peng, AB, et al, Nat. Com.




Real topologies in materials

Monolayer silicate Si2O3 under strain and varying eternal electric field

Raman scattering spectrum

(a) 1F "8 I " T ' T ]
1.0 eV/A
M5 (E>: 587 9 cm™)
"1 (A 5938 cm’)
O ) 1 N | M |
S "Fored | . |
< L Ms (B 592.7 cm’)
> My (A-:534.0cm’)
'a O " 1 . 1 2 |
-
Q 1 ~ "o v ' I ! I _
E 0.0 eV/A
An (Aq: 583.1 cm™) Ms (Ez: 604.1 cm™)
) d i : I - I - \
17.4 17.6 17.8 18.0 18.2

Frequency (THz)
Peng, AB, et al, Nat. Com.



Gapped kagome phase: meronic Euler insulators

) source

AB, RJ Slager, arxiv:2205.03429
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Real topologies in materials
Cd2Re207

temperature driven
structural phase transition

PHYSICAL REVIEW B 105, LO81117 (2022)

Non-Abelian braiding of Weyl nodes via symmetry-constrained phase transitions

Siyu Chen©@,"" Adrien Bouhon©,>" Robert-Jan Slager©,'# and Bartomeu Monserrat'-*:#

'TCM Group, Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue, Cambridge CB3 OHE, United Kingdom
*Nordic Institute for Theoretical Physics (Nordita), Stockholm University and KTH Royal Institute of Technology,
Hannes Alfvéns vig 12, Stockholm SE-106 91, Sweden
’Department of Materials Science and Metallurgy, University of Cambridge, 27 Charles Babbage Road,
Cambridge CB3 OFS, United Kingdom

™ (Received 2 September 2021; accepted 14 February 2022; published 28 February 2022)

Siyu, AB, RJ Slager et al, PRB 105, L081117



Real topologies in materials

Cd2Re207
temperature driven
structural phase transition

el

D2qg — Dy
low T

(d)
> 0.2' /
E

Siyu, AB, RJ Slager et al, § o //
D 00 e

PRB 105, L0O81117 T : 05
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Real topologies in materials

CdoRex0Or

temperature driven k

structural phase transition | N
| il R -

Siyu, AB, RJ Slager et al,
PRB 105, LO81117




Real topologies in materials
Cd2Re207

temperature driven
structural phase transition

(b) k, - (© a’

Siyu, AB, RJ Slager et al,
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Non-Ablian topological gapped phases:
intrinsic 1D systems and sub-dimensional contexts



Intrinsic or projected 1D topology

Intrinsic: atomic-like orbitals
projected: hybrid Wannier functions

_. - N In C2T (mT, PT) only
x  the unitary part acts on

L T the position operator!



Intrinsic or projected 1D topology

Intrinsic: atomic-like orbitals
projected: hybrid Wannier functions

S1 S2
_. - o - N In C2T (mT, PT) only
x  the unitary part acts on
"~ N the position operator!

¥

There is a {0,1/2}-quantization of the sub-lattice sites
due to CoT (mT, PT) symmetry

even though C2 (m,P) is not a symmetry of the Bloch Hamiltonian

This matches the {0, x}-quantization of Zak phase

Only two Wyckoff positons: 1a = center of the 1D unit cell
1b = boundary of the 1D u.c.



Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone

'+ K

E_L V(K) = diag (""" |
R(T") R + K) = diag (£1, +1, - - -

translation sym:

V(IR)H(k+ K)V(K)'

H(k)



Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone

I '+ K . ir K ir K
—_——l V(K)Zd?ag(e , € 7)
R(T") R + K) = diag (£1, 41, )

translation sym:

V(IRVH(k+ K)V(K)' = H(k)

general boundary condition parallel-transported
parallel-transported frame: sign flip of the n-th band:



Intrinsic or projected 1D topology

Discrete group of all principal C2 rotations of a rank-N frame:

XN
9K,116 0 0
IK = 0 0 c Py CSO(N)
0 0 9 .~NN
6\%]
" O(N) _ Spin(V) ]
Classifying space: = —— spin double cover
PN PN

T (Fl]}%) — Py C Spin(N)  Non-Abelian Salingaros group



Intrinsic 1D topology: class of periodic Bloch Hamiltonian

Condition for the quantization of non-Abelian charges:

Existence of a gauge with periodic Bloch Hamiltonian

N

V(IK)x 1y wep H(k+K)= H(k)

For any pair of orbitals located away from the Brillouin zone center and
that are mapped onto-each other under Cz, we do change of gauge:

bo, k) — e T k) a=1,2

One can readily catalogue all the elementary band representations
corresponding to the periodic class



Embedded 1D non-Abelian topology

Honeycom + triangular lattice

honeycomb sites (A,B). Wyckoff's position 2b
triangular sites (C): Wyckoff's position 1a






Embedded 1D non-Abelian topology

Honeycom + triangular lattice
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Embedded 1D non-Abelian topology

kagome sites: Wyckoff's position 3¢ 0 1 2 o 1 2



To come

Homotopy theory for generalized flag variety + crystalline symmetries

™ r(
non-Abelian frame charges ,%
T

through unfolding bands 7'

E

Complete catalogue of elementary band
representations supporting subdimensional
non-Abelian topologies




The story goes on...

From gapped Euler phases to stable nodal structures:

e 2D topology: first Euler class characterizes
stable nodal points between two bands

® 4D topology: second Euler class characterizes
stable linked nodal surfaces between four bands !

Hyperspherical realization of the tangent bundle

of the four-sphere: | | e

£ | o R 8 Y ) 0 ey N Y
B ‘! s - | t‘ : :
. e [ 7

arxiv:2301.08827 ot e



The story goes on...

Nodal rings in 3D PT-symmetric phases:

® (Generalized many-band Morse theory for creation/reconnection/
annihilation of adjacent topological nodal rings [two-band limit: Murakami]

e Deterministic algorithm for the design of many-band knotted nodal rings
[two-band limit: ]



My collaborators:

Robert-dan Slager Tomas Bzdusek

University of Cambridge University of Zurich Jian-Hua Jiang

Suzhou University

Nur Unal Bartomeu Monserrat
University of Cambridge  University of Cambridge



Overview

a Energy
*\ Adjacent
Adjacent «— Adjacent node band
energy gap
o
Principal k, <“— Principal nodes ——» Principal
energy gap / bands
—_—
k1
b -
-k
- obstruction

e cancell

) ts = —0.5




Real topologies

Anti-unitary symmetry 4 = U/C such that

there exists a gauge with

3D
2D
1D
4D

and

spinless PT symmetry
spinful or spinless C2T symmetry, PT
spinful or spinless mT symmetry, C2T, PT

spinless PT symmetry

H(k) — H(k)*

A? = +1
Ak =k
— H(k)

Linked nodal rings
Euler insulators
Non-Abelian top

Second Euler insulators



1.5D and 2D multi-gap topology:

Non-Abelian braiding of Weyl nodes, Euler insulators



1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)
T SO(S) — Z2 {0,7}-Berry phase,
{67 OQZ} presence of a single NP

JU—frame rotation around €3

& o
\ E
e2
‘ B3 es3
<
® £l adjacent gap es
ko

® principal gap
2o ‘
€1



Ambiguity of the parallel transported SO(N)-frame
Lift to spin double cover

Frame connection: A — RT(k) y dR(k)

k
Holonomy element: F(k) = exp {/ A} — A(k)
0

F(¢) = o < /A} — A ¢ py
(J Y

B oy ey Gy b A G (O
Dg%Spin{SS)%S%}i(rP(Zgﬁ)g )> c -



2D multi-gap topology:

two-band Euler class and stable nodes



Tangent bundle of the sphere

Hairy ball theorem:

combing a hairy ball lead to vortices!




Tangent bundle of the sphere

Hairy ball theorem:

combing a hairy ball lead to vortices!

TS?

Poincarée-Hopf (Gauss-Bonnet) theorem:

> indexy (v) = x[S%] = 2

vorticity of the tangent
vector field

\4

Euler characteristic of the sphere



Tangent bundle of the sphere on a lattice




Topological Euler insulator

R(k) = (u1(k) uz(k) n(k))
with 710(k) covering the sphere one time

vortices of the vector field

nodal points between
bands 1 and 2

T 0 4 nodal points -
¥




Topological Euler insulator

Wilson loop winding X' — 2 ! ;
T 0,
iy
i N
s 0 &
4 >
. T
T, 0 1 L A

ky

0

i




Topological Euler insulator

Total number of stable Nodal Points: #NP — 2 ‘ X‘



Euler number conversion via braiding of Weyl points

Kx
0




1D topology:
Mobius strip and orientability



Mobius bundle

SSH model: " "
[ A4cosk, sin k., B i o
H(k,) = ( sin k. A - cosk, ) = (A 4+ cosk,)o, +sink,o,
Px S
—o —o —e > X 1D Brillouin zone:
< A/
~ ml _ Ql
tsp='1 tsp=1 AZGS—Gp BZ_T _S
tpp = -1 tpp = -1



Mobius bundle

SSH model:

hz hX
A + cos k., sin k., B .
H(k,) = ( sin k. A - cosk, ) = (A + cosky)o, + sink, o,

Px S

—— —o— —— > X 1D Brillouin zone:
< A/

~ ml _ Ql

tsp='1 tsp=1 AZES—EP BZ_T _S
tpp = -1 tpp = -1

tss= 1 tss= 1




Mobius bundle (strip)

1 < A trivial bundle

“orientable”

k. € 10,2m)

0 <A <1 nontrivial bundle MS!

“non-orientable”

BZ




Mobius bundle (strip)

71 [TSl] — 71 [MSl]

not enough to distinguish them!




Mobius bundle

1 T
Gap condition: H(ky) = [u1(ky) us(ky)] { 0 (1) } { Z;EZ’?%T }
E < E5 ’
Gauge symmetry of +1 0
the gaped Hamiltonian: (k) ua(ke)] — fua(ka) ua(ke)] { 0 =1

Classifying space 0(2)/[0(1) X O(l)] = Gry (]RQ) ~ RpPL =St

homotopy classification of 11
gaped band structures: 1 [S ] = /1



Mobius bundle

Computed as the winding number of

m[S'] =Z h = (hy,h.)/|h| € S

This holds only when the Mobius bundle is restricted to the plane! uq (kx) c R?

L/ =N




Mobius bundle

Computed as the winding number of

m[S'] =Z h = (hy,h.)/|h| € S!

This holds only when the Mobius bundle is restricted to the plane! uq (kx) c R?

If we embed the Mébius bundle in R3 uy(ky) € RS

we effectively add one extra band: 71 [Gr1 (R?)] = Zs

bundles with even twists can be untwisted !

rotating out of plane

H =N D




Mobius bundle

Computed as the winding number of

m[S'] =Z h = (hy,h.)/|h| € S!

This holds only when the Mobius bundle is restricted to the plane! uq (kx) c R?

If we embed the Mébius bundle in R3 uy(ky) € RS

we effectively add one extra band: 71 [Gr1 (R?)] = Zs

bundles with even twists can be untwisted !

rotating out of plane

i S i R




Mobius bundle

The first homotopy invariant is computed by the Berry phase factor

el ¢ {41, -1}
A 1T-Berry phase indicates a non-orientable occupied subspace
(first Stiefel-Whitney class)

If we embed the Mébius bundle in R3 uy(ky) € RS

we effectively add one extra band: 71 [Gr1 (R?)] = Zs

bundles with even twists can be untwisted !

rotating out of plane

i S i R




twist number)

(tn=

hopf link

%%

pf link

doubled ho

)

y

T ‘\W_\_\_\_\_\w_%

%%\s?&\\\s

tn=1

trefoil knot

two circles

tn =

Mobius strip

The topology of the physical twisted strip is characterized by the boundary knot

Correspondence between knots-links (in R3) and
real 1D 2-band gapped phases (in R?)



2D topology:
projective plane, Euler class, fragile topology,
Weyl nodes accumulation



Three-level system

H(k) = R(k)E(k)RT(k), R(k)ec SO(3) (global sign of R is a gauge freedom)
eigenvectors = right-handed orthonormal frame { e1, e2, e3}
el
gauge freedom for each pair of eigenvectors (ejex) — -(ej,ex) wr
el / e2
classifying space is of nematics! 4

Classifying space for two-occupied bands and one unoccupied band:

SO(3)
Gro(R3) = = RP? =S?/{zx ~ —x
(RY) S[0(2) x O(1)] o /A j
projective plane
(sphere with antipodal points identified)
the orientation of subframes is a gauge freedom ! “unoriented” surface

(e1,e2),e3 ~(e1,-e2), -€3



Oriented double covering

RP? = S?/{x ~ —x}

orientable non-orientable
“cross-cap”

path-connected path-connected
i non-contractible loop
simply connected T [RPQ] — 7



Oriented double covering

RP? = S?/{x ~ —x}

orientable non-orientable
“cross-cap”

path-connected path-connected
simply connected T [RPQ] _ ZQ



1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T (50(3)) — ZQ

Lie algebra representation:

R(k) = L € SO(3)

AE

= Ow




1.5D topology of three-level system

H(k) = R(k)E(K)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T (50(3)) — ZQ

Lie algebra representation:
R(k) = e € SO(3)
!

W = 0w




Weyl nodes to nodal lines conversion rule for ZrTe

a b f
A 1.0 \
05 F k, -
C
) ~
o I, > EB gr‘_ — K
2 1\./[ 81K L%
k,
' « — M

0.024 0.024

-0.024 -0.024

04 40 04 40

predictions of WPs with non-trivial Euler class in MoPF, NbS, and TaAs

Nature Physics 16, 1137 (2020)



1D topology:
Mobius strip and orientability



1D topology:
Mobius strip and orientability



2D topology:
projective plane, Euler class, fragile topology,
Weyl nodes accumulation



“Real” topologies

Anti-unitary symmetry A = UK
suchthat A2 =41 and Ak =%Fk

there exists a gauge with

1D
2D
3D
4D

H(k) — H(k)* = H(k)

~

spinful or spinless mT symmetry, CoT, PT  Non-Abelian topology

spinful or spinless C2T symmetry, PT
spinless PT symmetry

spinless PT symmetry

Euler insulators
Linked nodal rings

Second Euler insulators



Berry curvature and Euler form

Chern class (complex case)

H(k) =h(k) o+ ho(k)1
n = h/|h| € S*
Fij —

=n - (0;n x 9jn)

dQ = F;;dk;dk;




Berry curvature and Euler form

Chern class (complex case) Euler class (real case, (C2T)2 =+1)
R(k) = (u1(k) uz(k) n(k))

H(k) —2n-nt —1 (flattened)

n(k) = ui (k) x us(k) € S?

Euij =N (&Ln X (‘%n)

d() = Euz-j dkl dkj



Three-level system

H(k) = R(k)E(k)RT(k), R(k)ec SO(3) (global sign of R is a gauge freedom)

(e1,e2,e3)~(-e1, e2, -e3) : the rotation of subframes is a gauge freedom !

Classifying space for two-occupied bands and one unoccupied band:

SO(3)

Gr:(®) = 5672) x o(1)]

=RP? =S?/{z ~ —x}

projective plane
(sphere with antipodal points identified)

“unoriented” surface

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Oriented double covering

RP? = S?/{x ~ —x}

orientable non-orientable
“cross-cap”

path-connected path-connected
simply connected T [RPQ] _ ZQ

m3[S?] = Z = my[RP?] = 2Z

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Oriented double covering

RP? =S§%/{x ~ —x}

orientable

“cross-cap”

path-connected path-connected
i non-contractible loop
simply connected T [RPQ] — 7

m3[S?] = Z = my[RP?] = 2Z

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Computation of non-Abelian charges: lift diagram

Spin(N) ¢------=-------- so(N) v . EPn

A
exXp 1
<L exp

9z, o 922 1o, €PNy 922
” \\\ TN .
s - as L 4
~ * ‘ A J’ . 7 y
’70,10 C LHSO(\.Z\' 'I’// hl iO(lN) D — PI\’
g ,,""-_
/' l__',__, 4o
S P l
BZ = [0,1] — % H([0,1]) = < & S FIR
' H(0)=H(1) R *

monodromy representation = holonomy computation
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Modeling of crystalline materials, classifying space of band
structures, real Hamiltonians

Multi-gap non-Abelian braiding of Weyl nodes

2D topology: projective plane, Euler class, fragile topology (3-
band, 4-band), number of stable Weyl nodes

Non-Abelian reciprocal braiding of Weyl nodes, experimental
predictions in ZrTe (TaAs), and twisted bilayer graphene

Quenched Euler system in cold atoms

Conclusions



Patch Euler number (gauge invariance of nodal points)

Euler class:

2x(D)

The patch D contains principal nodes
and avoids adjacent ones

The Euler connection and Euler form are continuous
except at the principal nodes,
while the Euler form is not exact (Eu = da),

it is nevertheless integrable !



