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Tight-binding model (sec. quant.):

Bloch picture:
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N degrees of freedom per unit cell: 

Wyckoff positions, sub-lattice sites, 

electronic orbitals, spins 

Quantum modeling of materials
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Wannier functions
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Grassmannian modeling of gapped band structures
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�<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit> �<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit>

E<latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit>

E4(k)
<latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit>

OH(k) = U(k)E(k)U †(k)
<latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit>

Bloch Hamiltonian:



Q(k) = (U0(k) U1(k))


�1 0
0 1

�
(U0(k) U1(k))†

<latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit>

E(k) = diag[E1(k), . . . , EN (k)]
<latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit>

U(k) 2 U(N)
<latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit>

Grassmannian modeling of gapped band structures

flattened Hamiltonian: k
<latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit>

�<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit> �<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit>

E<latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit>

E4(k)
<latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit>

O

U0
<latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit>

U1
<latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit>

H(k) = U(k)E(k)U †(k)
<latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit>

Bloch Hamiltonian:



(Uo(k) Uu(k)) �! (Uo(k) Uu(k)) ·
✓

Go(k) 0
0 Gu(k)

◆

<latexit sha1_base64="+rGZ5pKociXdacUmn/98Zh3TECw="></latexit><latexit sha1_base64="+rGZ5pKociXdacUmn/98Zh3TECw="></latexit><latexit sha1_base64="+rGZ5pKociXdacUmn/98Zh3TECw="></latexit><latexit sha1_base64="+rGZ5pKociXdacUmn/98Zh3TECw="></latexit>

(U0(k) U1(k)) �! (U0(k) U1(k))
<latexit sha1_base64="DBgYmOt2TRjuLThBRspntAVQ3YQ="></latexit><latexit sha1_base64="DBgYmOt2TRjuLThBRspntAVQ3YQ="></latexit><latexit sha1_base64="DBgYmOt2TRjuLThBRspntAVQ3YQ="></latexit><latexit sha1_base64="DBgYmOt2TRjuLThBRspntAVQ3YQ="></latexit>

Q(k) = (U0(k) U1(k))


�1 0
0 1

�
(U0(k) U1(k))†

<latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit><latexit sha1_base64="+6VnJch6U1PADtekqfM9kem+vCA="></latexit>

S2 ! GrNo(CN ) ⇠= U(N)/[U(No)⇥ U(Nu)]
<latexit sha1_base64="3IuL8rzsHvqy2dikvGhnUIsR3nc="></latexit><latexit sha1_base64="3IuL8rzsHvqy2dikvGhnUIsR3nc="></latexit><latexit sha1_base64="3IuL8rzsHvqy2dikvGhnUIsR3nc="></latexit><latexit sha1_base64="3IuL8rzsHvqy2dikvGhnUIsR3nc="></latexit>

E(k) = diag[E1(k), . . . , EN (k)]
<latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit><latexit sha1_base64="Hck7yahjPPFosy2u+Y75qoonzYM="></latexit>

U(k) 2 U(N)
<latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit><latexit sha1_base64="Fyw7TUzTSyLKnBUTTflykWkynhA=">AAACEHicbVA9TwJBEN3zE/ELtbTZCEZoyB2NlkQbK4OJByQcIXvLHmzY27vszhnJhZ9g41+xsdAYW0s7/40LXKHgSzb78t5MZub5seAabPvbWlldW9/YzG3lt3d29/YLB4dNHSWKMpdGIlJtn2gmuGQucBCsHStGQl+wlj+6mvqte6Y0j+QdjGPWDclA8oBTAkbqFc5K2C17fiT6ehyaLx1NKtjjEnvAHkAHqTsp31RwqVco2lV7BrxMnIwUUYZGr/Dl9SOahEwCFUTrjmPH0E2JAk4Fm+S9RLOY0BEZsI6hkoRMd9PZQRN8apQ+DiJlngQ8U393pCTU031NZUhgqBe9qfif10kguOimXMYJMEnng4JEYIjwNB3c54pREGNDCFXc7IrpkChCwWSYNyE4iycvk2at6thV57ZWrF9mceTQMTpBZeSgc1RH16iBXETRI3pGr+jNerJerHfrY166YmU9R+gPrM8foOybrA==</latexit>

gauge invariance of the flattened Hamiltonian:

Grassmannian modeling of gapped band structures

flattened Hamiltonian: k
<latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit><latexit sha1_base64="+Z2kw7R6KGxDl//dQlSRKV8oHAI=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfrQz/mgZpF5sqm8zoa2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5WHM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucP0d2TsQ==</latexit>

�<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit> �<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit>

E<latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit>

E4(k)
<latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit>

O

U0
<latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit>

U1
<latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit>

H(k) = U(k)E(k)U †(k)
<latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit>

Bloch Hamiltonian:

Classifying space  
(gauge structure)

<latexit sha1_base64="ZVgtfUjPygQWU3o+n+s79MN+7UU=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUo6AGMFC2OR+pLatHJcp7XqOJHtgKqo/8HCAEKs/Asbf4PTZoCWI1k6Oude3ePjx5wp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vGnd5nfeaRSsUg09SymXojHggWMYG2kQaUfYj3x/bQ5H9QqQ7vsVJ0F0Dpxc1KGHI2h/dUfRSQJqdCEY6V6rhNrL8VSM8LpvNRPFI0xmeIx7RkqcEiVly5Sz9GFUUYoiKR5QqOF+nsjxaFSs9A3k1lItepl4n9eL9HBjZcyESeaCrI8FCQc6QhlFaARk5RoPjMEE8lMVkQmWGKiTVElU4K7+uV10q5V3auq+1Ar12/zOopwBudwCS5cQx3uoQEtICDhGV7hzXqyXqx362M5WrDynVP4A+vzB6wnkfg=</latexit>

T2



C2T symmetry and reality condition

A = UK
<latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit>

A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

D = diag{ei'j}Nj=1
<latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit>

C2T symmetry (spinful or spinless), spinless PT symmetry

�!
<latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit>

no Kramers degeneracies:

A = DK
<latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit>

W =
p
D⇤

<latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit>

WAW † = K
<latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit>

we rotate the orbitals basis by and get

real and symmetric �hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

within the C2T plane:

1 · eH⇤(k) · 1 = eH(k)
<latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit>

�h(k1, k2, k3) = (k1, k2,�k3)
<latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit>

C2(k1, k2, k3) = (�k1,�k2, k3)
<latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit>

C2I
<latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit>

=



C2T symmetry and reality condition

A = UK
<latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit>

A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

D = diag{ei'j}Nj=1
<latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit>

C2T symmetry (spinful or spinless), spinless PT symmetry

�!
<latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit>

no Kramers degeneracies:

A = DK
<latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit>

W =
p
D⇤

<latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit>

WAW † = K
<latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit>

we rotate the orbitals basis by and get

real and symmetric �hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

within the C2T plane:

1 · eH⇤(k) · 1 = eH(k)
<latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit>

k3
<latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit>

C2T
<latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit>

�hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

× +1

+1
�h(k1, k2, k3) = (k1, k2,�k3)

<latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit>

C2(k1, k2, k3) = (�k1,�k2, k3)
<latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit>

C2I
<latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit>

=



“Real” topologies

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]



“Real” topologies

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]

<latexit sha1_base64="rWzRMFrv8dHd1AU+1lc3sU26uSY="></latexit>

⇡1(Gr
R
p,N )

���
N�3

= Z2

<latexit sha1_base64="Jr6dWROeq4W7B7m/aYhQbz6/KqE="></latexit>

⇡2(Gr
R
2,N )

���
N 6=4

= Z
<latexit sha1_base64="XGjJd9X5BAHP2Wh6dpdQBWKQ6wo="></latexit>

⇡4(Gr
R
4,N )

���
N 6=7,8

= Z



“Real” topologies

1D    spinful or spinless mT symmetry, C2T, PT


2D    spinful or spinless C2T symmetry, PT 


3D    spinless PT symmetry


4D    spinless PT symmetry

Graphene, SSH insulators


Euler insulators


Linked nodal rings


Second Euler insulators

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]

<latexit sha1_base64="rWzRMFrv8dHd1AU+1lc3sU26uSY="></latexit>

⇡1(Gr
R
p,N )

���
N�3

= Z2

<latexit sha1_base64="Jr6dWROeq4W7B7m/aYhQbz6/KqE="></latexit>

⇡2(Gr
R
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���
N 6=4

= Z
<latexit sha1_base64="XGjJd9X5BAHP2Wh6dpdQBWKQ6wo="></latexit>

⇡4(Gr
R
4,N )

���
N 6=7,8

= Z



1.5D topology: 

Non-Abelian braiding of Weyl nodes



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="uoH4AZskJsBLrmucXdSHdyEjgvM=">AAACDnicbVA9SwNBEN3z2/gVtbRZjAGrcGehNoJoYxnBaCAXwtxmkizZ+2B3LhCO/AIb/4qNhSK21nb+GzfJCWp8MPB4b4aZeUGipCHX/XTm5hcWl5ZXVgtr6xubW8XtnVsTp1pgTcQq1vUADCoZYY0kKawnGiEMFN4F/cuxfzdAbWQc3dAwwWYI3Uh2pACyUqtYPvAHKDI/DrELI37GfeohAfd7QN/qAW8VS27FnYDPEi8nJZaj2ip++O1YpCFGJBQY0/DchJoZaJJC4ajgpwYTEH3oYsPSCEI0zWzyzoiXrdLmnVjbiohP1J8TGYTGDMPAdoZAPfPXG4v/eY2UOqfNTEZJShiJ6aJOqjjFfJwNb0uNgtTQEhBa2lu56IEGQTbBgg3B+/vyLLk9qnjHFe/6qHR+kcexwvbYPjtkHjth5+yKVVmNCXbPHtkze3EenCfn1Xmbts45+cwu+wXn/QshfZuF</latexit>

~! = ✓!̂

<latexit sha1_base64="yNVdC9Oeb+e0ALYCJQSx9EsBdGI="></latexit>

R(k) = e~!·~L 2 SO(3)

1.5D topology of three-level system

E

B1

B2

B3

principal gap

adjacent gap

Lie algebra representation:<latexit sha1_base64="EY5GgXU21+C/Qhl4dQfwOUDihww="></latexit>

E(k) =

0

@
E1(k) 0 0

0 E2(k) 0
0 0 E3(k)

1

A



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2 accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop in the BZ:



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2

E

B1

B2

B3

principal gap

adjacent gap
k0

<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>

e1

e2

e1

e2

e1e2

e1

e2

0-frame rotation around e3

accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop of the BZ:

Nodal-Point charge has two signs! 

COMPLEMENTARY TO CHIRALITY 

of Weyl points



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2

2𝜋-frame rotation around e3

E

B1

B2

B3

principal gap

adjacent gap
k0

<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>

e1

e2

e1

e2

e1

e2

e1

e2

accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop of the BZ:

Nodal-Point charge has two signs! 

COMPLEMENTARY TO CHIRALITY 

of Weyl points



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

e1 e2

e3

↺

↺
↺

𝜋-frame rotation around e1, e2, e3 

1.5D topology of three-level system

<latexit sha1_base64="zijS0K1DQdVduHSuCZpbI5/Hyvw="></latexit>

R(k) = (e1 e2 e3) ⇠ (±e1 ± e2 ± e3)

Group of gauge freedom:
<latexit sha1_base64="pic+1D2GgABzVeiwOvd4I3GdIE0="></latexit>

O(1)3 = Ci ⇥ D2

= {E, I}⇥ {E,C2z, C2y, C2x}
<latexit sha1_base64="rhXDrsonc5xnNKDm6cH8qJQjSUI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFVyGJ1DauirpwWcE+oA1hMp20QycPZiZCDf0SNy4UceunuPNvnLQVVPTAwOGce7lnjp8wKqRpfmiFldW19Y3iZmlre2e3rO/td0ScckzaOGYx7/lIEEYj0pZUMtJLOEGhz0jXn1zmfveOcEHj6FZOE+KGaBTRgGIkleTp5eogRHIsguxq5tnnVU+vmIbTqNVOG9A0TNOxnboijuNYdQtaSslRAUu0PP19MIxxGpJIYoaE6FtmIt0McUkxI7PSIBUkQXiCRqSvaIRCItxsHnwGj5UyhEHM1YsknKvfNzIUCjENfTU5T/nby8W/vH4qg4ab0ShJJYnw4lCQMihjmLcAh5QTLNlUEYQ5VVkhHiOOsFRdlVQJXz+F/5OObVhnhnVjV5oXyzqK4BAcgRNggTpogmvQAm2AQQoewBN41u61R+1Fe12MFrTlzgH4Ae3tE0Gbktg=</latexit>

D2 : dihedral point group,

Bdzusek et al, Science (2019)



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

e1 e2

e3

↺

↺
↺

𝜋-frame rotation around e1, e2, e3 

<latexit sha1_base64="g+8ZeWcHcnG2Lr8V5/iZTur2VhM="></latexit>

Fl
R
1,1,1 =

O(3)

O(1)3
=

SO(3)

D2

1.5D topology of three-level system

Flag manifold

<latexit sha1_base64="zijS0K1DQdVduHSuCZpbI5/Hyvw="></latexit>

R(k) = (e1 e2 e3) ⇠ (±e1 ± e2 ± e3)

Group of gauge freedom:
<latexit sha1_base64="pic+1D2GgABzVeiwOvd4I3GdIE0="></latexit>

O(1)3 = Ci ⇥ D2

= {E, I}⇥ {E,C2z, C2y, C2x}
<latexit sha1_base64="rhXDrsonc5xnNKDm6cH8qJQjSUI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFVyGJ1DauirpwWcE+oA1hMp20QycPZiZCDf0SNy4UceunuPNvnLQVVPTAwOGce7lnjp8wKqRpfmiFldW19Y3iZmlre2e3rO/td0ScckzaOGYx7/lIEEYj0pZUMtJLOEGhz0jXn1zmfveOcEHj6FZOE+KGaBTRgGIkleTp5eogRHIsguxq5tnnVU+vmIbTqNVOG9A0TNOxnboijuNYdQtaSslRAUu0PP19MIxxGpJIYoaE6FtmIt0McUkxI7PSIBUkQXiCRqSvaIRCItxsHnwGj5UyhEHM1YsknKvfNzIUCjENfTU5T/nby8W/vH4qg4ab0ShJJYnw4lCQMihjmLcAh5QTLNlUEYQ5VVkhHiOOsFRdlVQJXz+F/5OObVhnhnVjV5oXyzqK4BAcgRNggTpogmvQAm2AQQoewBN41u61R+1Fe12MFrTlzgH4Ae3tE0Gbktg=</latexit>

D2 : dihedral point group,

Bdzusek et al, Science (2019)



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="g+8ZeWcHcnG2Lr8V5/iZTur2VhM="></latexit>

Fl
R
1,1,1 =

O(3)

O(1)3
=

SO(3)

D2
<latexit sha1_base64="cgFWcGVUE4HMk/hoixBP4SfG+4s="></latexit>

⇡1 (SO(3)/D2) = Q

accumulated rotation of parallel transp. frame


1.5D topology of three-level system

<latexit sha1_base64="OWzC/4pFv040QlquwPsrfqY5VT0=">AAACEHicbVC7TsMwFHV4lvIKMLJYtAiGUsUdgAWpgoWxlehDaqLKcZ3W1HnIdpCqqJ/Awq+wMIAQKyMbf4OTZoCWI/nq6Jx75XuPG3EmlWV9G0vLK6tr64WN4ubW9s6uubfflmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJP6nQcqJAuDOzWJqOPjYcA8RrDSUt88Kds+ViPXTZrTKztBFTvyIcvqfVbHlTNkT8t9s2RVrQxwkaCclECORt/8sgchiX0aKMKxlD1kRcpJsFCMcDot2rGkESZjPKQ9TQPsU+kk2UFTeKyVAfRCoV+gYKb+nkiwL+XEd3Vnur2c91LxP68XK+/SSVgQxYoGZPaRF3OoQpimAwdMUKL4RBNMBNO7QjLCAhOlMyzqEND8yYukXaui8ypq1kr16zyOAjgER+AUIHAB6uAWNEALEPAInsEreDOejBfj3fiYtS4Z+cwB+APj8weY4psF</latexit>

Q = {1,±i,±j,±k,�1}

Lie algebra representation

<latexit sha1_base64="E3rtvg2zhrdkHyRbGRSsVNpAZv8=">AAACBXicbVC7TsMwFHV4lvIKMMJg0SIxVUkHYEGqgIGxSPQhNVHkuE5r1XEi20Gqoiws/AoLAwix8g9s/A1OmgFajmTp6Nxzr+89fsyoVJb1bSwtr6yurVc2qptb2zu75t5+V0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+5Dqv9x6IkDTi92oaEzdEI04DipHSkmce1eEldCJtySekTojUWAbpTZZ5zbpn1qyGVQAuErskNVCi7ZlfzjDCSUi4wgxJObCtWLkpEopiRrKqk0gSIzxBIzLQlKOQSDctrsjgiVaGMIiEflzBQv3dkaJQymnoa2ex5XwtF/+rDRIVXLgp5XGiCMezj4KEQRXBPBI4pIJgxaaaICyo3hXiMRIIKx1cVYdgz5+8SLrNhn3WsO+atdZVGUcFHIJjcApscA5a4Ba0QQdg8AiewSt4M56MF+Pd+JhZl4yy5wD8gfH5A3wWl/A=</latexit>

= D2

Flag manifold



Ambiguity of the parallel transported SO(3)-frame


<latexit sha1_base64="zs2oAamwPe3f8Ma7ZMOte7ZNfUg=">AAACPXicdVC7TsMwFHXKq5RXgZHFokUqS0mKBIwVMLBRRF9SE1WO67RWnTiyHVAV9cdY+Ac2NhYGEGJlxU2LVFo4kqWjc+69vve4IaNSmeazkVpYXFpeSa9m1tY3Nrey2zt1ySOBSQ1zxkXTRZIwGpCaooqRZigI8l1GGm7/YuQ37oiQlAdVNQiJ46NuQD2KkdJSO1vN2z5SPenFl8N2ye5x3he021NICH4Pf7zb62Hh+BDa/1pH01Py7WzOLJoJ4DyxJiQHJqi0s092h+PIJ4HCDEnZssxQOTESimJGhhk7kiREuI+6pKVpgHwinTi5fggPtNKBHhf6BQom6nRHjHwpB76rK5MlZ72R+JfXipR35sQ0CCNFAjz+yIsYVByOooQdKghWbKAJwoLqXSHuIYGw0oFndAjW7MnzpF4qWidF66aUK59P4kiDPbAPCsACp6AMrkAF1AAGD+AFvIF349F4NT6Mz3Fpypj07IJfML6+ASJ8rxs=</latexit>
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.

Energy
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energy gap
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energy gap
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.

Energy
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energy gap
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k2
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Adjacent node

Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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FIG. 5. Conversion of Weyl points (WPs) in 3D momentum space. a. Two principal WPs (spheres) with equal chirality (green
color), pinned to plane k3 =0 (orange sheet), can be brought together on two sides of an adjacent WP (grey sphere). After their
collision, the two principal WPs can either symmetrically leave the plane (A), or remain pinned inside the plane (B), depending on
their total frame-rotation charge. b. Analogous situation involving two principal WPs with opposite chirality (green vs. magenta
color). Depending on their frame-rotation charge, the WPs either annihilate (C) or remain pinned inside the plane (D) after colliding.
c. In the presence of an additional mirror (m) symmetry (cyan line), the scenario (D) corresponds to bouncing (white arrows) of two
m-related WPs to band nodes (brown spheres) lying inside m-invariant plane. This scenario occurs when the two principal bands
(blue and red sheet) carry opposite eigenvalues of m (indicated by + and �). d. The nodal manifold after the collision extends into
a nodal line (NL, brown line) inside the m-plane (cyan sheet), which is stabilized by the mirror m symmetry. The reverse process,
i.e. producing a pair of WP by colliding two NLs inside m \ C2T , is controlled by the Euler class, see Fig. 6e for examples.

curvature of complex state
���u1

↵
+ i

��u2
↵�

/
p
2.

Band partitioning and node diagnosis.— To predict
whether a pair of principal nodes annihilate when
brought together along a specified trajectory, now as-
suming a system with an arbitrary number of bands,
we choose a region (disk) D that (i) contains the tra-
jectory, and that (ii) does not contain any additional
principal nor adjacent nodes. Note that we require the
principal bands to be separated inside D by an energy
gap on both sides, i.e. from above as well as from below.
Such partitioning of energy bands into three groups is in
contrast with the contemporary paradigm in topological
band theory [5, 6], which is to partition the bands as
occupied vs. unoccupied via a single energy gap. Since
the region D has a boundary, the integral of the Eu-
ler form ceases to be quantized, analogous to the way
Berry curvature on manifolds with a boundary does not
integrate to an integer Chern number. In both cases, the
quantization is restored by combining the surface integral
with a contour integral of a connection over the boundary
@D, which in the present context is the Euler connection
a(k) =

⌦
u
1(k)|ru

2(k)
↵
.

Crucially, as elaborated in Supplemental Material [33],
Euler connection exhibits a singularity at principal nodes,
which invalidates the Stokes’ theorem and prevent the
cancellation of the two integrals. Specifically, we prove
that the Euler class over D,

�(D) =
1

2⇡

Z

D

Eu(k) dk1dk2 �
I

@D
a(k) · dk

�
, (5)

is an integer topological invariant whenever the disk D
contains an even number of principal nodes and no ad-
jacent nodes. If the principal nodes inside D are able to
collectively annihilate, this integer must be zero. This is
because annihilating all the nodes makes the Euler form
exact in terms of the Euler connection, i.e. Eu = r⇥ a,

in D, in which case the Stokes’ theorem guarantees can-
cellation of the two integrals. Conversely, non-vanishing
�(D) indicates an obstruction for annihilating the prin-
cipal nodes. We confirm this for the model in Eq. (1) in
the Supplemental Material using an algorithm detailed
therein [33, 41]. There we also consider a complemen-
tary algorithm [33], which allows us to find the Euler
class of a collection of principal nodes using the increas-
ingly appreciated paradigm of Wilson-loop flows.
Non-Abelian conversions in (3+1)D.— We now shift

our attention to three spatial dimensions. It is under-
stood [42] that C2T symmetry can stabilize WPs in-
side high-symmetry “C2T -planes”, as observed e.g. in
the kz = 0 plane of WTe2 [43], MoTe2 [44] and
LaAlGe [45]. While such WPs are characterized by
their chiral charge [9], the C2T symmetry assigns them
an extra frame-rotation charge defined by the Hamil-
tonian inside the symmetric plane. Importantly, these
charges carry complementary pieces of topological infor-
mation. While the chiral charge discloses whether a pair
of WPs can annihilate, the frame-rotation charge conveys
whether the two WPs can disappear from the C2T -plane.
Four scenarios are possible, illustrated in Fig. 5a–b,

which shows the braiding of principal WPs (marked in
green vs. magenta to distinguish their chirality) around
an adjacent node (gray). Starting with two WPs of equal
chirality within the C2T -plane, they can either leave the
plane (A) or bounce within the plane (B) when collided.
Considering instead two principal WPs of opposite chi-
rality, they can either annihilate (C) or bounce (D). In
cases (B) and (D), the colliding two WPs carry a non-
trivial frame-rotation charge, which obstructs their dis-
appearance from the C2T -plane, irrespective of their chi-
rality. In cases (A) and (C), the frame-rotation charge is
trivial, allowing the pair of principal WPs to disappear
from the plane.
Interplay of Euler class with mirror symmetry.— Ad-

C2T plane

Obstruction to annihilation of Weyl point-pairs

The non-Abelian charges are COMPLEMENTARY to 

the chirality of the Weyl points

AB, et al Nature Physics 16, 1137 (2020)




2D topology: 

Euler insulators and Z accumulation of nodal points



Tangent bundle of the sphere

e✓
<latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit>

e�
<latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit>

er
<latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit>

Hairy ball theorem: 


combing a hairy ball lead to vortices!
<latexit sha1_base64="e3AI4eUnHB6NRk4L0kPhrUCW4X8=">AAAB+HicbVC7TsMwFL3hWcqjAUYWixaJqUo6AGMFC2MRfUltqBzXaa06TmQ7SCXql7AwgBArn8LG3+C0GaDlSJaOzrlX9/j4MWdKO863tba+sbm1Xdgp7u7tH5Tsw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzJTeZ3HqlULBJNPY2pF+KRYAEjWBtpYJcqzX6I9dj30/vZQ60ysMtO1ZkDrRI3J2XI0RjYX/1hRJKQCk04VqrnOrH2Uiw1I5zOiv1E0RiTCR7RnqECh1R56Tz4DJ0ZZYiCSJonNJqrvzdSHCo1DX0zmYVUy14m/uf1Eh1ceSkTcaKpIItDQcKRjlDWAhoySYnmU0MwkcxkRWSMJSbadFU0JbjLX14l7VrVvai6d7Vy/TqvowAncArn4MIl1OEWGtACAgk8wyu8WU/Wi/VufSxG16x85xj+wPr8AcsZkoY=</latexit>

TS2



Tangent bundle of the sphere

Poincaré-Hopf (Gauss-Bonnet) theorem: 

P
j
indexxj (v) = �[S2] = 2

<latexit sha1_base64="42C0QfYucXmtWP/Cq2wlEr0ftE0="></latexit><latexit sha1_base64="42C0QfYucXmtWP/Cq2wlEr0ftE0="></latexit><latexit sha1_base64="42C0QfYucXmtWP/Cq2wlEr0ftE0="></latexit><latexit sha1_base64="42C0QfYucXmtWP/Cq2wlEr0ftE0="></latexit>

vorticity of the tangent 

vector field

Euler characteristic of the sphere

Hairy ball theorem: 


combing a hairy ball lead to vortices!
<latexit sha1_base64="e3AI4eUnHB6NRk4L0kPhrUCW4X8=">AAAB+HicbVC7TsMwFL3hWcqjAUYWixaJqUo6AGMFC2MRfUltqBzXaa06TmQ7SCXql7AwgBArn8LG3+C0GaDlSJaOzrlX9/j4MWdKO863tba+sbm1Xdgp7u7tH5Tsw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzJTeZ3HqlULBJNPY2pF+KRYAEjWBtpYJcqzX6I9dj30/vZQ60ysMtO1ZkDrRI3J2XI0RjYX/1hRJKQCk04VqrnOrH2Uiw1I5zOiv1E0RiTCR7RnqECh1R56Tz4DJ0ZZYiCSJonNJqrvzdSHCo1DX0zmYVUy14m/uf1Eh1ceSkTcaKpIItDQcKRjlDWAhoySYnmU0MwkcxkRWSMJSbadFU0JbjLX14l7VrVvai6d7Vy/TqvowAncArn4MIl1OEWGtACAgk8wyu8WU/Wi/VufSxG16x85xj+wPr8AcsZkoY=</latexit>
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<latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit><latexit sha1_base64="k9MY1BvZpxy6Wdsp+iJ/g9X7kfU=">AAAB/HicbVC9TsMwGPxS/kr5C3RksWiRmKqkC4wVLIxFoi1SG0WO47ZWHSeyHaQoKq/CwgBCrDwIG2+D02aAlpMsn+6+Tz5fkHCmtON8W5WNza3tnepubW//4PDIPj7pqziVhPZIzGP5EGBFORO0p5nm9CGRFEcBp4NgdlP4g0cqFYvFvc4S6kV4ItiYEayN5Nv1JhoFMQ9VFpkrp3NfNn274bScBdA6cUvSgBJd3/4ahTFJIyo04Vipoesk2sux1IxwOq+NUkUTTGZ4QoeGChxR5eWL8HN0bpQQjWNpjtBoof7eyHGkinRmMsJ6qla9QvzPG6Z6fOXlTCSppoIsHxqnHOkYFU2gkElKNM8MwUQykxWRKZaYaNNXzZTgrn55nfTbLddpuXftRue6rKMKp3AGF+DCJXTgFrrQAwIZPMMrvFlP1ov1bn0sRytWuVOHP7A+fwBZQZSQ</latexit>

e✓
<latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit><latexit sha1_base64="dR3cG1n11/6Wen2BSRwsDmEY2KM=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCVdhNo2XQxjKCeUASwuzs3WTI7IOZu0JYAjb+io2FIrb+hJ1/42ySQhMPDHM4517uvcdLpNDoON9WYW19Y3OruF3a2d3bP7APj1o6ThWHJo9lrDoe0yBFBE0UKKGTKGChJ6HtjW9yv/0ASos4usdJAv2QDSMRCM7QSAP7pEJ7Xix9PQnNl8F0kPVwBMimlYFddqrODHSVuAtSJgs0BvZXz495GkKEXDKtu66TYD9jCgWXMC31Ug0J42M2hK6hEQtB97PZDVN6bhSfBrEyL0I6U393ZCzU+ZKmMmQ40steLv7ndVMMrvqZiJIUIeLzQUEqKcY0D4T6QgFHOTGEcSXMrpSPmGIcTWwlE4K7fPIqadWqrlN172rl+vUijiI5JWfkgrjkktTJLWmQJuHkkTyTV/JmPVkv1rv1MS8tWIueY/IH1ucPGpSXzg==</latexit>
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<latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit>

k
<latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit>
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<latexit sha1_base64="BKDjbqz5MfWsAJUqLzt2X/6tVzY=">AAACPnicbVA9SwNBEN3z2/h1ammzmAgRJNylUBshaGOp4mkgF8LeZmIW9z7YnRPCcf4xG3+DnaWNhSK2lm6SK9Q4sOzjvXnMzAsSKTQ6zrM1NT0zOze/sFhaWl5ZXbPXN650nCoOHo9lrJoB0yBFBB4KlNBMFLAwkHAd3J4M9es7UFrE0SUOEmiH7CYSPcEZGqpje5WLqo99QLbnJ32xS49o1Q9i2dWD0HwZ5J1srOf3E7wxTLIq36107LJTc0ZFJ4FbgDIp6qxjP/ndmKchRMgl07rlOgm2M6ZQcAl5yU81JIzfshtoGRixEHQ7G52f0x3DdGkvVuZFSEfsT0fGQj1c0HSGDPv6rzYk/9NaKfYO25mIkhQh4uNBvVRSjOkwS9oVCjjKgQGMK2F2pbzPFONoEi+ZENy/J0+Cq3rN3a+55/Vy47iIY4FskW1SJS45IA1ySs6IRzh5IC/kjbxbj9ar9WF9jlunrMKzSX6V9fUNkcCxRw==</latexit>

R(✓,�) = (e✓ e� er)

H(✓,�) = R(✓,�)

0

@
�1 0 0
0 �1 0
0 0 1

1

AR(✓,�)T

<latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit>

Tangent bundle of the sphere on a lattice



vortices of the vector field

4 nodal points

nodal points between 

bands 1 and 2

<latexit sha1_base64="YUcR+Rlbwt3GsvoE1sScf8ZA3sw=">AAACR3icbVC7TsMwFHXKq5RXgZHFokVqlyrpACxIFSyMBdGH1IbIcZxi1XEi20GqovB1LKxs/AILAwgx4rQdSsqRLB+fc6/u9XEjRqUyzTejsLK6tr5R3Cxtbe/s7pX3D7oyjAUmHRyyUPRdJAmjnHQUVYz0I0FQ4DLSc8dXmd97JELSkN+pSUTsAI049SlGSktO+b56Wxu6IfPkJNBXMk7r8ALWYsfKy0+x01zSFt88zdv1qlOumA1zCrhMrDmpgDnaTvl16IU4DghXmCEpB5YZKTtBQlHMSFoaxpJECI/RiAw05Sgg0k6mOaTwRCse9EOhD1dwqi52JCiQ2Xa6MkDqQea9TPzPG8TKP7cTyqNYEY5ng/yYQRXCLFToUUGwYhNNEBZU7wrxAxIIKx19SYdg5b+8TLrNhnXasG6aldblPI4iOALHoAYscAZa4Bq0QQdg8AzewSf4Ml6MD+Pb+JmVFox5zyH4g4LxC17xsuA=</latexit>

R(k) = (u1(k) u2(k) n(k))

with            covering the sphere one time
<latexit sha1_base64="h6f1YnGDmDcXA/jfeTF5JurKDLA=">AAACCXicbVC7TsMwFHXKq5RXgJHFokUqS5V0AMYKFsYi0RapjSrHcVqrjh3ZDlIVZWXhV1gYQIiVP2Djb3DaDKXlSJaPz7lXvvf4MaNKO86PVVpb39jcKm9Xdnb39g/sw6OuEonEpIMFE/LBR4owyklHU83IQywJinxGev7kJvd7j0QqKvi9nsbEi9CI05BipI00tGFt4AsWqGlkrpRn9cXnJDuvDe2q03BmgKvELUgVFGgP7e9BIHASEa4xQ0r1XSfWXoqkppiRrDJIFIkRnqAR6RvKUUSUl842yeCZUQIYCmkO13CmLnakKFL5cKYyQnqslr1c/M/rJzq88lLK40QTjucfhQmDWsA8FhhQSbBmU0MQltTMCvEYSYS1Ca9iQnCXV14l3WbDvWi4d81q67qIowxOwCmoAxdcgha4BW3QARg8gRfwBt6tZ+vV+rA+56Ulq+g5Bn9gff0C6cKadw==</latexit>

n(k)

Topological Euler insulator
AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



� = 2
<latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit>

Wilson loop winding

vorticity of the vector field Euler characteristic of the spherethe 4 nodes are unremovable as long as the gap is preserved!

4 nodal points

Topological Euler insulator
AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



� = 4
<latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit>

Total number of stable 

Nodal Points:

#NP = 2|�|
<latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit>

8 stable nodal points

Topological Euler insulator

AB, T. Bzdusek, RJ Slager, PRB 102, 115135 (2020)

Wilson loop winding
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Euler number of “real” 2D insulating phases

eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

so(No)
<latexit sha1_base64="tqPixnHrm0g81l1A3bXgKMPN2uU=">AAAB/3icbVC7TsMwFHV4lvAKILGwWLRIZamSLjBWsDChItGH1EaR4zqtVceObAepCh34FRYGEGLlN9j4G5w2A7QcydLROffqHp8wYVRp1/22VlbX1jc2S1v29s7u3r5zcNhWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCcfXud95IFJRwe/1JCF+jIacRhQjbaTAOa7Y/RjpUSTROFNiWr0NxLldCZyyW3NngMvEK0gZFGgGzld/IHAaE64xQ0r1PDfRfoakppiRqd1PFUkQHqMh6RnKUUyUn83yT+GZUQYwEtI8ruFM/b2RoVipSRyayTyrWvRy8T+vl+ro0s8oT1JNOJ4filIGtYB5GXBAJcGaTQxBWFKTFeIRkghrU5ltSvAWv7xM2vWa59a8u3q5cVXUUQIn4BRUgQcuQAPcgCZoAQwewTN4BW/Wk/VivVsf89EVq9g5An9gff4AEhGU0g==</latexit><latexit sha1_base64="tqPixnHrm0g81l1A3bXgKMPN2uU=">AAAB/3icbVC7TsMwFHV4lvAKILGwWLRIZamSLjBWsDChItGH1EaR4zqtVceObAepCh34FRYGEGLlN9j4G5w2A7QcydLROffqHp8wYVRp1/22VlbX1jc2S1v29s7u3r5zcNhWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCcfXud95IFJRwe/1JCF+jIacRhQjbaTAOa7Y/RjpUSTROFNiWr0NxLldCZyyW3NngMvEK0gZFGgGzld/IHAaE64xQ0r1PDfRfoakppiRqd1PFUkQHqMh6RnKUUyUn83yT+GZUQYwEtI8ruFM/b2RoVipSRyayTyrWvRy8T+vl+ro0s8oT1JNOJ4filIGtYB5GXBAJcGaTQxBWFKTFeIRkghrU5ltSvAWv7xM2vWa59a8u3q5cVXUUQIn4BRUgQcuQAPcgCZoAQwewTN4BW/Wk/VivVsf89EVq9g5An9gff4AEhGU0g==</latexit><latexit sha1_base64="tqPixnHrm0g81l1A3bXgKMPN2uU=">AAAB/3icbVC7TsMwFHV4lvAKILGwWLRIZamSLjBWsDChItGH1EaR4zqtVceObAepCh34FRYGEGLlN9j4G5w2A7QcydLROffqHp8wYVRp1/22VlbX1jc2S1v29s7u3r5zcNhWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCcfXud95IFJRwe/1JCF+jIacRhQjbaTAOa7Y/RjpUSTROFNiWr0NxLldCZyyW3NngMvEK0gZFGgGzld/IHAaE64xQ0r1PDfRfoakppiRqd1PFUkQHqMh6RnKUUyUn83yT+GZUQYwEtI8ruFM/b2RoVipSRyayTyrWvRy8T+vl+ro0s8oT1JNOJ4filIGtYB5GXBAJcGaTQxBWFKTFeIRkghrU5ltSvAWv7xM2vWa59a8u3q5cVXUUQIn4BRUgQcuQAPcgCZoAQwewTN4BW/Wk/VivVsf89EVq9g5An9gff4AEhGU0g==</latexit><latexit sha1_base64="tqPixnHrm0g81l1A3bXgKMPN2uU=">AAAB/3icbVC7TsMwFHV4lvAKILGwWLRIZamSLjBWsDChItGH1EaR4zqtVceObAepCh34FRYGEGLlN9j4G5w2A7QcydLROffqHp8wYVRp1/22VlbX1jc2S1v29s7u3r5zcNhWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCcfXud95IFJRwe/1JCF+jIacRhQjbaTAOa7Y/RjpUSTROFNiWr0NxLldCZyyW3NngMvEK0gZFGgGzld/IHAaE64xQ0r1PDfRfoakppiRqd1PFUkQHqMh6RnKUUyUn83yT+GZUQYwEtI8ruFM/b2RoVipSRyayTyrWvRy8T+vl+ro0s8oT1JNOJ4filIGtYB5GXBAJcGaTQxBWFKTFeIRkghrU5ltSvAWv7xM2vWa59a8u3q5cVXUUQIn4BRUgQcuQAPcgCZoAQwewTN4BW/Wk/VivVsf89EVq9g5An9gff4AEhGU0g==</latexit>

is a 1-form in , i.e.        are skew-symmetric matriceseA = U†dU = eAidki
<latexit sha1_base64="Hb7DDGddqBGnpQJXg3uTOyFZbLg="></latexit><latexit sha1_base64="Hb7DDGddqBGnpQJXg3uTOyFZbLg="></latexit><latexit sha1_base64="Hb7DDGddqBGnpQJXg3uTOyFZbLg="></latexit><latexit sha1_base64="Hb7DDGddqBGnpQJXg3uTOyFZbLg="></latexit>

eAi
<latexit sha1_base64="9SDYvhvPDfTzBLIs+EHV25AgyOA=">AAAB/3icbVC7TsNAEDyHVzAvAxINzYkEiSqy00AZoKEMEnlIiWWdz5vklPNDd2dQZFzwKzQUIETLb9DxN1wSF5Aw0kqjmV3t7vgJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QVvGqaDQojGPRdcnEjiLoKWY4tBNBJDQ59Dxx9dTv3MPQrI4ulOTBNyQDCM2YJQoLXnWUdXsP7AAFOMBZJe5l7Ecm1XPqtg1ewa8TJyCVFCBpmd99YOYpiFEinIiZc+xE+VmRChGOeRmP5WQEDomQ+hpGpEQpJvN7s/xqVYCPIiFrkjhmfp7IiOhlJPQ150hUSO56E3F/7xeqgYXbsaiJFUQ0fmiQcqxivE0DBwwAVTxiSaECqZvxXREBKFKR2bqEJzFl5dJu15z7JpzW680roo4yugYnaAz5KBz1EA3qIlaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6A+Mzx9yiZUR</latexit><latexit sha1_base64="9SDYvhvPDfTzBLIs+EHV25AgyOA=">AAAB/3icbVC7TsNAEDyHVzAvAxINzYkEiSqy00AZoKEMEnlIiWWdz5vklPNDd2dQZFzwKzQUIETLb9DxN1wSF5Aw0kqjmV3t7vgJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QVvGqaDQojGPRdcnEjiLoKWY4tBNBJDQ59Dxx9dTv3MPQrI4ulOTBNyQDCM2YJQoLXnWUdXsP7AAFOMBZJe5l7Ecm1XPqtg1ewa8TJyCVFCBpmd99YOYpiFEinIiZc+xE+VmRChGOeRmP5WQEDomQ+hpGpEQpJvN7s/xqVYCPIiFrkjhmfp7IiOhlJPQ150hUSO56E3F/7xeqgYXbsaiJFUQ0fmiQcqxivE0DBwwAVTxiSaECqZvxXREBKFKR2bqEJzFl5dJu15z7JpzW680roo4yugYnaAz5KBz1EA3qIlaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6A+Mzx9yiZUR</latexit><latexit sha1_base64="9SDYvhvPDfTzBLIs+EHV25AgyOA=">AAAB/3icbVC7TsNAEDyHVzAvAxINzYkEiSqy00AZoKEMEnlIiWWdz5vklPNDd2dQZFzwKzQUIETLb9DxN1wSF5Aw0kqjmV3t7vgJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QVvGqaDQojGPRdcnEjiLoKWY4tBNBJDQ59Dxx9dTv3MPQrI4ulOTBNyQDCM2YJQoLXnWUdXsP7AAFOMBZJe5l7Ecm1XPqtg1ewa8TJyCVFCBpmd99YOYpiFEinIiZc+xE+VmRChGOeRmP5WQEDomQ+hpGpEQpJvN7s/xqVYCPIiFrkjhmfp7IiOhlJPQ150hUSO56E3F/7xeqgYXbsaiJFUQ0fmiQcqxivE0DBwwAVTxiSaECqZvxXREBKFKR2bqEJzFl5dJu15z7JpzW680roo4yugYnaAz5KBz1EA3qIlaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6A+Mzx9yiZUR</latexit><latexit sha1_base64="9SDYvhvPDfTzBLIs+EHV25AgyOA=">AAAB/3icbVC7TsNAEDyHVzAvAxINzYkEiSqy00AZoKEMEnlIiWWdz5vklPNDd2dQZFzwKzQUIETLb9DxN1wSF5Aw0kqjmV3t7vgJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QVvGqaDQojGPRdcnEjiLoKWY4tBNBJDQ59Dxx9dTv3MPQrI4ulOTBNyQDCM2YJQoLXnWUdXsP7AAFOMBZJe5l7Ecm1XPqtg1ewa8TJyCVFCBpmd99YOYpiFEinIiZc+xE+VmRChGOeRmP5WQEDomQ+hpGpEQpJvN7s/xqVYCPIiFrkjhmfp7IiOhlJPQ150hUSO56E3F/7xeqgYXbsaiJFUQ0fmiQcqxivE0DBwwAVTxiSaECqZvxXREBKFKR2bqEJzFl5dJu15z7JpzW680roo4yugYnaAz5KBz1EA3qIlaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6A+Mzx9yiZUR</latexit>

a = Pf(Ai)dki
<latexit sha1_base64="JoMJFiswd1Cz+19S7AJtHWMytD4=">AAACEHicbVC7TsMwFHXKq4RXgJHFokWUpUq6wIJUYGEsEn1IbYgcx2mtOg/ZDlIV5RNY+BUWBhBiZWTjb3DaIEHLkSwdn3Ov7r3HjRkV0jS/tNLS8srqWnld39jc2t4xdvc6Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOr3K/e0+4oFF4KycxsQM0DKlPMZJKcozjqj4IkBzxIEUZPIc/n5af1S4cegK98R2FetUxKmbdnAIuEqsgFVCg5RifAy/CSUBCiRkSom+ZsbRTxCXFjGT6IBEkRniMhqSvaIgCIux0elAGj5TiQT/i6oUSTtXfHSkKhJgErqrM9xXzXi7+5/UT6Z/ZKQ3jRJIQzwb5CYMygnk60KOcYMkmiiDMqdoV4hHiCEuVoa5CsOZPXiSdRt0y69ZNo9K8LOIogwNwCGrAAqegCa5BC7QBBg/gCbyAV+1Re9betPdZaUkrevbBH2gf36Unmwk=</latexit><latexit sha1_base64="JoMJFiswd1Cz+19S7AJtHWMytD4=">AAACEHicbVC7TsMwFHXKq4RXgJHFokWUpUq6wIJUYGEsEn1IbYgcx2mtOg/ZDlIV5RNY+BUWBhBiZWTjb3DaIEHLkSwdn3Ov7r3HjRkV0jS/tNLS8srqWnld39jc2t4xdvc6Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOr3K/e0+4oFF4KycxsQM0DKlPMZJKcozjqj4IkBzxIEUZPIc/n5af1S4cegK98R2FetUxKmbdnAIuEqsgFVCg5RifAy/CSUBCiRkSom+ZsbRTxCXFjGT6IBEkRniMhqSvaIgCIux0elAGj5TiQT/i6oUSTtXfHSkKhJgErqrM9xXzXi7+5/UT6Z/ZKQ3jRJIQzwb5CYMygnk60KOcYMkmiiDMqdoV4hHiCEuVoa5CsOZPXiSdRt0y69ZNo9K8LOIogwNwCGrAAqegCa5BC7QBBg/gCbyAV+1Re9betPdZaUkrevbBH2gf36Unmwk=</latexit><latexit sha1_base64="JoMJFiswd1Cz+19S7AJtHWMytD4=">AAACEHicbVC7TsMwFHXKq4RXgJHFokWUpUq6wIJUYGEsEn1IbYgcx2mtOg/ZDlIV5RNY+BUWBhBiZWTjb3DaIEHLkSwdn3Ov7r3HjRkV0jS/tNLS8srqWnld39jc2t4xdvc6Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOr3K/e0+4oFF4KycxsQM0DKlPMZJKcozjqj4IkBzxIEUZPIc/n5af1S4cegK98R2FetUxKmbdnAIuEqsgFVCg5RifAy/CSUBCiRkSom+ZsbRTxCXFjGT6IBEkRniMhqSvaIgCIux0elAGj5TiQT/i6oUSTtXfHSkKhJgErqrM9xXzXi7+5/UT6Z/ZKQ3jRJIQzwb5CYMygnk60KOcYMkmiiDMqdoV4hHiCEuVoa5CsOZPXiSdRt0y69ZNo9K8LOIogwNwCGrAAqegCa5BC7QBBg/gCbyAV+1Re9betPdZaUkrevbBH2gf36Unmwk=</latexit><latexit sha1_base64="JoMJFiswd1Cz+19S7AJtHWMytD4=">AAACEHicbVC7TsMwFHXKq4RXgJHFokWUpUq6wIJUYGEsEn1IbYgcx2mtOg/ZDlIV5RNY+BUWBhBiZWTjb3DaIEHLkSwdn3Ov7r3HjRkV0jS/tNLS8srqWnld39jc2t4xdvc6Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOr3K/e0+4oFF4KycxsQM0DKlPMZJKcozjqj4IkBzxIEUZPIc/n5af1S4cegK98R2FetUxKmbdnAIuEqsgFVCg5RifAy/CSUBCiRkSom+ZsbRTxCXFjGT6IBEkRniMhqSvaIgCIux0elAGj5TiQT/i6oUSTtXfHSkKhJgErqrM9xXzXi7+5/UT6Z/ZKQ3jRJIQzwb5CYMygnk60KOcYMkmiiDMqdoV4hHiCEuVoa5CsOZPXiSdRt0y69ZNo9K8LOIogwNwCGrAAqegCa5BC7QBBg/gCbyAV+1Re9betPdZaUkrevbBH2gf36Unmwk=</latexit>

Euler connection:

Euler form: Eu = da
<latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit>

(for a two-band subspace)

Euler class: (if B and Ev are orientable)�(Ev) =
1
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<latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit>



2�(D) =
1

⇡

Z

D
Eu�

I

@D
a

�

=
1

⇡

X

n

"Z

D✏
n

Eu�
I

@D✏
n

a

#

=
X

n

Wn 2 Z
<latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit>

k0
<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>
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e2
e1

e2

e1

e2

e1

e2
�(D) = 1

<latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit>
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Euler number:

Patch Euler number (gauge invariance of nodal points)
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class

�(D) = 0
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�(D) = 1
<latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit>

�(D) = 1
<latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit>



27 
 

crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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Experimental observation of Euler class transition through 

non-Abelian braiding of nodal points in the kagome lattice
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in Extended Data Fig. 4a where the Dirac string across gap I (DSI) is shown as a blue dashed line, 

and the Dirac string across gap II (DSII) as a red full line. It is remarkable that, as long as _-` is 

preserved, the system cannot exhibit a fully trivial and orientable band structure, as will become 

clear below. 

 

Extended Data Fig. 4 | Multi-gap topology in kagome models. a, Taking (H?, H@, HL) =	(1, 0, −1) and 

(4, 4′) 	= 	 (0, 0) gives crossing Dirac strings (DS) in both gaps (blue for first gap, red for second gap). b 

and c, As the next step, turning off the onsite potentials and switching on the hopping terms induces band 

nodes. The nodes in the second gap (filled/empty red circles indicating ± topological charges) cross the DS 

in the first gap, forming a stable pair as the double node at Γ (brown circle) in (c) which has finite patch 

Euler class	2	 = 	1. Meanwhile, the first gap features nodes at 7 points (triangles). c-i, Braiding process 

and transfer of band nodes from one gap to another through triple points. Band nodes and DS strings evolve 

such that the degeneracy at 7 in the first gap (blue triangles) is tuned into a double node configuration that 

has finite patch Euler class in the second gap (brown circles).  

We now deform the model to obtain the simplest kagome model while restoring the _ô symmetry. 

This is done by setting 4	 = 	−1  and 	H?, H@, HL → 0 . During the deformation there is a band 

inversion in each gap, thus creating two simple nodes of opposite charges in each gap, see 

9
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FIG. 4. Multi-gap topology in kagome models. a, Taking (✏A, ✏B, ✏C) = (1, 0,�1) and

(t, t0) = (0, 0) gives crossing Dirac strings (DS) in both gaps (blue for first gap, red for second gap).

b and c, As the next step, turning o↵ the onsite potentials and switching on the hopping terms

induces band nodes. The nodes in the second gap (filled/empty red circles indicating ± topological

charges) cross the DS in the first gap, forming a stable pair as the double node at at � (brown

circle) in (c) which has finite patch Euler class ⇠ = 1. Meanwhile, the first gap features nodes at

K points (triangles). c-i, Braiding process and transfer of band nodes from one gap to another

through triple points. Band nodes and DS strings evolve such that the degeneracy at K in the first

gap (blue triangles) is tuned into a double node configuration that has finite patch Euler class in

the second gap (brown circles).

We now deform the model to obtain the simplest kagome model while restoring the C6

symmetry. This is done by setting t = �1 and ✏A, ✏B, ✏C ! 0. During the deformation

there is a band inversion in each gap, thus creating two simple nodes of opposite charges

in each gap, see Fig. 4b where (✏A, ✏B, ✏C) = (0.5, 0,�0.5) and (t, t0) = (�0.5, 0). The final

Experimental observation of Euler class transition through 

non-Abelian braiding of nodal points in the kagome lattice
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FIG. 3. Acoustic kagome metamaterials and experimental set-ups. A, Cylindrical acous-

tic resonators coupled by a tube connecting them. Upper/lower panel: Illustration of the coupled

resonators (left) and the resultant hybridized even and odd modes (right) for the NN/NNN cou-

pling. l1 = 18
p
3 mm, l2 = 54 mm, D = 19.2 mm, H = 24 mm, and d1 = d2 = 7 mm. B, Coupling

coe�cients t and t
0 vs. the diameters d1 and d2. The dashed line and the stars denote the case

in A. C, Photo of a fabricated acoustic metamaterial. Green lines depict the unit-cell boundaries

(lattice constant 36
p
3 mm). D and E, The acoustic band structures of the mematerials with (D)

d1 = 6.0 mm and d2 = 8.4 mm and (E) d1 = 0.0 mm and d2 = 9.6 mm, respectively. F, Photo of

the experimental set-up for the measurements of the bulk and edge band structures. The upper

and lower edges are armchair boundaries, while the left and right edges are zigzag boundaries. The

acoustic source and the detector (a microphone) are connected to an Agilent network analyzer.

The yellow stars label the positions of the source for the measurement of the zigzag and armchair

edge dispersions.

to these phases. Moreover, the discussed unavoidable bulk features, such as stability of

nodes, the pumping e↵ect and triple degeneracies upon braiding of nodes, are universal and

applicable outside the tunable realm of metamaterials. Indeed, we emphasize that, while

relations between Zak phases and edge states are well-defined, a general bulk-boundary

correspondence in terms of the non-Abelian frame charges is yet to be formally understood.

Experimental observation of Euler class transition through 

non-Abelian braiding of nodal points in the kagome lattice

Acoustic metamaterial: 

AB, et al Nat. Phys.  (2021)
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FIG. 4. Acoustic multi-gap topology of the Euler class. A-F, The acoustic bulk band

structures measured for six kagome metamaterials along the evolution path illustrated in Figs. 2E,

2G-2K. The white lines represent the calculated bulk band structures for the six acoustic meta-

materials using numerical methods. Insets show the distributions of the band nodes in gap I and

II over the Brillouin zone for each case. Geometry parameters d1 and d2 are shown at the top of

each figure. The convention of labeling the band nodes is the same as in Fig. 2.

detected acoustic pressure distributions at each excitation frequency, we obtain the acoustic

bulk band structure for each of the six fabricated acoustic metamaterials (see Supplementary

Note F for details). Similarly, when measuring the edge bands, the acoustic source is placed

at the center of the armchair or zigzag edge boundary (labeled by the yellow stars), while the

acoustic pressure distributions along the edge boundaries are scanned at various excitation

frequencies.

We first measure the bulk bands for the six acoustic metamaterials, similar (but not ex-

actly identical) to the cases in Figs. 2E, 2G-2K along the braiding trajectory. As presented

in Fig. 4, the measured acoustic band structures agree excellently with the calculated acous-

tic band structures. These band structures faithfully regenerate the band nodes evolution in

Fig. 2. Specifically, in Fig. 4A (d1 = 8.4 mm and d2 = 0), the acoustic metamaterial exhibits

AB, et al Nat. Phys.  (2021)
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Gapped kagome phase: meronic Euler insulators 2

Figure 1. (a) Kagome tight-binding model with unit-cell de-
lineated by the dashed lines. The lattice vectors, a1 and a2,
are denoted by green arrows. (b) The unit-cell structure. The
NN, NNN, and TNN couplings are denoted as t, t0 and t00, re-
spectively (colored lines). The three inequivalent sublattice
sites A, B, and C are labeled by black dots. (c) Bulk dis-
persion of a topological Euler semimetal with t = t0 = �1
and t00 = 0. The right panels show the Brillouin zone [gray
hexagon region with coordinate system of the wavevectors
(with the reciprocal lattice vectors k1 and k2)] and band de-
generacy points (upper inset) where the color map indicates
the energy difference between the second and third band. (d)
The bulk dispersion of a topological Euler insulator emerges
for finite t00, here with t = t0 = �1 and t00 = �0.8.

are enabled by the state-of-the-art pump-probe measure-
ments empowered by the spectral decomposition of the
acoustic response function which set a new benchmark in
the experimental detection of the topological invariants
by directly measuring the bulk Bloch wavefunctions.

Model setting for topological Euler phases.— We con-
sider a three-band tight-binding model in 2D kagome
lattice with the NN (nearest neighbor), NNN (next-to-
nearest neighbor), and TNN (third nearest neighbor)
couplings. There are three inequivalent lattice sites in
each unit-cell, labeled separately as A, B, and C. These
sites are coupled to each other with the NN, NNN, and
TNN couplings, denoted as t, t0 and t00, respectively [Figs.
1(a) and 1(b)]. We emphasize that the inclusion of the
TNN couplings, which is absent in Ref. [45], is crucial for
the emergence of the topological Euler insulator phase.
In the presence of both the inversion, or effectively the
180� rotation around the z axis, and the time-reversal

Figure 2. (a) Vector field formed by the Bloch wave function
of the first band in the topological Euler insulator phase in
Fig. 1(d). Green arrows indicate the Brillouin zone formed by
the reciprocal lattice vectors k1 and k2. Black lines indicate
the hexagonal Brillouin zone. (b) Wilson loop spectrum of
the two bands above the topological band gap (red lines) and
the single band below the topological band gap (blue line).
(c) Quantized Wilson loop flow for the two bands above the
topological band gap over a symmetric patch of the Brillouin
zone dictated by the hexagonal symmetries: the base path at
t = 0 is l�K = [� ! K ! � + b1 � b2], and at t = 1 it is
l�M = [� ! M ! � + b1 � b2]. Here, t is an interpolation
parameter [49]. b1 and b2 are the primitive reciprocal lattice
vectors. The quantization is a consequence of the splitting of
elementary band representations. (d) Energy spectrum of a
supercell with the zigzag edge boundaries. Topological edge
states in the band gap are highlighted by the blue line.

symmetries, once a proper basis is chosen, the Hamilto-
nian matrix and the its eigenvectors are real-valued for
any wavevector k and any band in the Brillouin zone [25].
The explicit Hamiltonian matrix and the Bloch bands
(their dispersions and wavefunctions) are presented in
Supplemental Material [49].

We show two prototype phases in Figs. 1(c) and 1(d).
Figure 1(c) entails a non-Abelian topological semimetalic
phase with t00 = 0 where the three bands are intercon-
nected. There are triple points (green dots) as the linear
crossing points between the three bands (at the M and
equivalent points) as well as two Dirac points (at the K
and K 0 points, labeled by red dots) and a quadratic point
(the red triangle) in the partial gap between the second
and third bands (denoted as gap II). Without the TNN
couplings, the topological semimetals cannot be gapped,
i.e. , the three bands remain connected via various nodal
points [45]. In contrast, with finite TNN couplings t00, a
nontrivial topological Euler gap can be introduced, see
Fig. 1(d).

This topological Euler insulator phase is distinct from
previously observed two-dimensional non-Abelian topo-
logical semimetals [45] and one-dimensional non-Abelian
topological insulators [43]. In particular, this topolog-
ical Euler insulator phase is characterized by several
salient features. First, the topology of the real-valued
Bloch wavefunctions of the topological band gap is char-
acterized by the Euler class � 2 Z, which is possible
only in two-dimensional systems. please elaborate Eu-
ler class here. This topological invariant is most con-
veniently obtained as the winding of the two-band Wil-

AB, RJ Slager, arxiv:2205.03429
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s1 px

x

tsp = 1tsp = -1

tpp = -1tpp = -1

tss = 1tss = 1

s2

In C2T (mT, PT) only 

the unitary part acts on 

the position operator!

intrinsic:    atomic-like orbitals

projected: hybrid Wannier functions

There is a {0,1/2}-quantization of the sub-lattice sites 

due to C2T (mT, PT) symmetry

even though C2 (m,P) is not a symmetry of the Bloch Hamiltonian 

This matches the {0,𝜋}-quantization of Zak phase

Only two Wyckoff positons: 1a  = center of the 1D unit cell

                            1b = boundary of the 1D u.c.
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Intrinsic 1D topology: class of periodic Bloch Hamiltonian

Condition for the quantization of non-Abelian charges: 
 

Existence of a gauge with periodic Bloch Hamiltonian
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V (K) / 1N

For any pair of orbitals located away from the Brillouin zone center and 

that are mapped onto-each other under C2, we do change of gauge: 
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One can readily catalogue all the elementary band representations 

corresponding to the periodic class 
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Honeycom + triangular lattice

honeycomb sites (A,B):  Wyckoff’s position 2b

triangular sites (C):         Wyckoff’s position 1a

trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2!

3a
!1,%3", b2 =

2!

3a
!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = '2!

3a
,

2!

3%3a
(, K! = '2!

3a
,−

2!

3%3a
( . !3"

The three nearest-neighbor vectors in real space are
given by

!1 =
a
2

!1,%3" !2 =
a
2

!1,− %3" "3 = − a!1,0" !4"

while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"

H = − t )
*i,j+,$

!a$,i
† b$,j + H.c."

− t! )
**i,j++,$

!a$,i
† a$,j + b$,i

† b$,j + H.c." , !5"

where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2!

3a
!1,%3", b2 =

2!

3a
!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = '2!
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,
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(, K! = '2!
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,−
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( . !3"

The three nearest-neighbor vectors in real space are
given by

!1 =
a
2

!1,%3" !2 =
a
2

!1,− %3" "3 = − a!1,0" !4"

while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"

H = − t )
*i,j+,$

!a$,i
† b$,j + H.c."

− t! )
**i,j++,$

!a$,i
† a$,j + b$,i

† b$,j + H.c." , !5"

where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2!

3a
!1,%3", b2 =

2!

3a
!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = '2!

3a
,

2!

3%3a
(, K! = '2!

3a
,−

2!

3%3a
( . !3"

The three nearest-neighbor vectors in real space are
given by

!1 =
a
2

!1,%3" !2 =
a
2

!1,− %3" "3 = − a!1,0" !4"

while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"

H = − t )
*i,j+,$

!a$,i
† b$,j + H.c."

− t! )
**i,j++,$

!a$,i
† a$,j + b$,i

† b$,j + H.c." , !5"

where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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FIG. 5. Conversion of Weyl points (WPs) in 3D momentum space. a. Two principal WPs (spheres) with equal chirality (green
color), pinned to plane k3 =0 (orange sheet), can be brought together on two sides of an adjacent WP (grey sphere). After their
collision, the two principal WPs can either symmetrically leave the plane (A), or remain pinned inside the plane (B), depending on
their total frame-rotation charge. b. Analogous situation involving two principal WPs with opposite chirality (green vs. magenta
color). Depending on their frame-rotation charge, the WPs either annihilate (C) or remain pinned inside the plane (D) after colliding.
c. In the presence of an additional mirror (m) symmetry (cyan line), the scenario (D) corresponds to bouncing (white arrows) of two
m-related WPs to band nodes (brown spheres) lying inside m-invariant plane. This scenario occurs when the two principal bands
(blue and red sheet) carry opposite eigenvalues of m (indicated by + and �). d. The nodal manifold after the collision extends into
a nodal line (NL, brown line) inside the m-plane (cyan sheet), which is stabilized by the mirror m symmetry. The reverse process,
i.e. producing a pair of WP by colliding two NLs inside m \ C2T , is controlled by the Euler class, see Fig. 6e for examples.
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Band partitioning and node diagnosis.— To predict
whether a pair of principal nodes annihilate when
brought together along a specified trajectory, now as-
suming a system with an arbitrary number of bands,
we choose a region (disk) D that (i) contains the tra-
jectory, and that (ii) does not contain any additional
principal nor adjacent nodes. Note that we require the
principal bands to be separated inside D by an energy
gap on both sides, i.e. from above as well as from below.
Such partitioning of energy bands into three groups is in
contrast with the contemporary paradigm in topological
band theory [5, 6], which is to partition the bands as
occupied vs. unoccupied via a single energy gap. Since
the region D has a boundary, the integral of the Eu-
ler form ceases to be quantized, analogous to the way
Berry curvature on manifolds with a boundary does not
integrate to an integer Chern number. In both cases, the
quantization is restored by combining the surface integral
with a contour integral of a connection over the boundary
@D, which in the present context is the Euler connection
a(k) =

⌦
u
1(k)|ru

2(k)
↵
.

Crucially, as elaborated in Supplemental Material [33],
Euler connection exhibits a singularity at principal nodes,
which invalidates the Stokes’ theorem and prevent the
cancellation of the two integrals. Specifically, we prove
that the Euler class over D,

�(D) =
1

2⇡

Z

D

Eu(k) dk1dk2 �
I

@D
a(k) · dk

�
, (5)

is an integer topological invariant whenever the disk D
contains an even number of principal nodes and no ad-
jacent nodes. If the principal nodes inside D are able to
collectively annihilate, this integer must be zero. This is
because annihilating all the nodes makes the Euler form
exact in terms of the Euler connection, i.e. Eu = r⇥ a,

in D, in which case the Stokes’ theorem guarantees can-
cellation of the two integrals. Conversely, non-vanishing
�(D) indicates an obstruction for annihilating the prin-
cipal nodes. We confirm this for the model in Eq. (1) in
the Supplemental Material using an algorithm detailed
therein [33, 41]. There we also consider a complemen-
tary algorithm [33], which allows us to find the Euler
class of a collection of principal nodes using the increas-
ingly appreciated paradigm of Wilson-loop flows.
Non-Abelian conversions in (3+1)D.— We now shift

our attention to three spatial dimensions. It is under-
stood [42] that C2T symmetry can stabilize WPs in-
side high-symmetry “C2T -planes”, as observed e.g. in
the kz = 0 plane of WTe2 [43], MoTe2 [44] and
LaAlGe [45]. While such WPs are characterized by
their chiral charge [9], the C2T symmetry assigns them
an extra frame-rotation charge defined by the Hamil-
tonian inside the symmetric plane. Importantly, these
charges carry complementary pieces of topological infor-
mation. While the chiral charge discloses whether a pair
of WPs can annihilate, the frame-rotation charge conveys
whether the two WPs can disappear from the C2T -plane.
Four scenarios are possible, illustrated in Fig. 5a–b,

which shows the braiding of principal WPs (marked in
green vs. magenta to distinguish their chirality) around
an adjacent node (gray). Starting with two WPs of equal
chirality within the C2T -plane, they can either leave the
plane (A) or bounce within the plane (B) when collided.
Considering instead two principal WPs of opposite chi-
rality, they can either annihilate (C) or bounce (D). In
cases (B) and (D), the colliding two WPs carry a non-
trivial frame-rotation charge, which obstructs their dis-
appearance from the C2T -plane, irrespective of their chi-
rality. In cases (A) and (C), the frame-rotation charge is
trivial, allowing the pair of principal WPs to disappear
from the plane.
Interplay of Euler class with mirror symmetry.— Ad-

C2T 
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2!

3a
!1,%3", b2 =

2!

3a
!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = '2!

3a
,

2!

3%3a
(, K! = '2!

3a
,−

2!

3%3a
( . !3"

The three nearest-neighbor vectors in real space are
given by

!1 =
a
2

!1,%3" !2 =
a
2

!1,− %3" "3 = − a!1,0" !4"

while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"

H = − t )
*i,j+,$

!a$,i
† b$,j + H.c."

− t! )
**i,j++,$

!a$,i
† a$,j + b$,i

† b$,j + H.c." , !5"

where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

such that

and

there exists a gauge with
<latexit sha1_base64="Q+bUdTCkus8ZfoDPM9Us4jHXw0s="></latexit>

H(k̄) ! eH(k̄)⇤ = eH(k̄)

<latexit sha1_base64="bz/5FdEwTlHnS+jWkIyppN5C5VM=">AAACI3icbVDLSsNAFJ34rPUVdelmsBVcSEm6UBGEqhuXFewDmlAmk0k7dDIJMxOhhPyLG3/FjQuluHHhvzhps9C2B4Y5nHMv997jxYxKZVnfxsrq2vrGZmmrvL2zu7dvHhy2ZZQITFo4YpHoekgSRjlpKaoY6caCoNBjpOON7nO/80yEpBF/UuOYuCEacBpQjJSW+uZ11QmRGmLE0tvMOXc8JFLHi5gvx6H+0lGWwRu4TK72zYpVs6aAi8QuSAUUaPbNieNHOAkJV5ghKXu2FSs3RUJRzEhWdhJJYoRHaEB6mnIUEumm0xszeKoVHwaR0I8rOFX/dqQolPlyujI/SM57ubjM6yUquHJTyuNEEY5ng4KEQRXBPDDoU0GwYmNNEBZU7wrxEAmElY61rEOw509eJO16zb6o2Y/1SuOuiKMEjsEJOAM2uAQN8ACaoAUweAFv4AN8Gq/GuzExvmalK0bRcwT+wfj5BeMqpa0=</latexit>

A k̄ = k̄

3D    spinless PT symmetry


2D    spinful or spinless C2T symmetry, PT 


1D    spinful or spinless mT symmetry, C2T, PT


4D    spinless PT symmetry

Linked nodal rings


Euler insulators


Non-Abelian top


Second Euler insulators



1.5D and 2D multi-gap topology: 


Non-Abelian braiding of Weyl nodes, Euler insulators



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM=">AAACcnicbVHRTtswFHUCGxDGKEx7YRLzKEitVFUJPIA0TaqYJvUNBrRFakrlOLetVccJtrOpivoB/B5vfMVe9gFzSh5Gw5UsH51z7/W9x0HCmdKu+2TZK6tv3q6tbzib77beb1d2drsqTiWFDo15LG8DooAzAR3NNIfbRAKJAg69YPo913u/QCoWixs9S2AQkbFgI0aJNtSw8nDo+L9ZCJrxELL2vOYHMQ/VLDJXNp3X8Td8Ve L8iOgJJTz7Uc6/urtZ5vyvDezfpyQst/KZwNcXtZO6czisVN2muwhcBl4BqqiIy2Hl0Q9jmkYgNOVEqb7nJnqQEakZ5TB3/FRBQuiUjKFvoCARqEG2sGyOjwwT4lEszREaL9j/KzISqXxMk5kvq5a1nHxN66d6dDbImEhSDYI+PzRKOdYxzv3HIZNANZ8ZQKhkZlZMJ0QSqs0vOcYEb3nlMugeNz236f08rrbOCzvW0Sd0gGrIQ6eohdroEnUQRX+sj9a+9dn6a+/ZX+zCO9sqaj6gF2E3/gEYQbx7</latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

𝜋-frame rotation around e3

{0,𝜋}-Berry phase,

presence of a single NP

E

B1
B2

B3

principal gap

adjacent gap
k0

<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>

e1

e2

e1
e2

e1e2

e1

e2

e1

e2

e3

<latexit sha1_base64="bcAfiKHmiUUN2bZdbCl4oLeu95Y="></latexit>

⇡1

✓
SO(3)

{e, C2z}

◆
= Z2

1.5D topology of three-level system



Ambiguity of the parallel transported SO(N)-frame

Lift to spin double cover

<latexit sha1_base64="zs2oAamwPe3f8Ma7ZMOte7ZNfUg=">AAACPXicdVC7TsMwFHXKq5RXgZHFokUqS0mKBIwVMLBRRF9SE1WO67RWnTiyHVAV9cdY+Ac2NhYGEGJlxU2LVFo4kqWjc+69vve4IaNSmeazkVpYXFpeSa9m1tY3Nrey2zt1ySOBSQ1zxkXTRZIwGpCaooqRZigI8l1GGm7/YuQ37oiQlAdVNQiJ46NuQD2KkdJSO1vN2z5SPenFl8N2ye5x3he021NICH4Pf7zb62Hh+BDa/1pH01Py7WzOLJoJ4DyxJiQHJqi0s092h+PIJ4HCDEnZssxQOTESimJGhhk7kiREuI+6pKVpgHwinTi5fggPtNKBHhf6BQom6nRHjHwpB76rK5MlZ72R+JfXipR35sQ0CCNFAjz+yIsYVByOooQdKghWbKAJwoLqXSHuIYGw0oFndAjW7MnzpF4qWidF66aUK59P4kiDPbAPCsACp6AMrkAF1AAGD+AFvIF349F4NT6Mz3Fpypj07IJfML6+ASJ8rxs=</latexit>

D2 ,! SO(3) ! SO(3)/D2

<latexit sha1_base64="WZ4DC1/Fw1qPj4Rt/H++Zinn6QQ=">AAACV3icfVHLTgIxFO0MqIgv0KWbRjDBDc5goi6JunCJUR4JQ0indKCh007ajoZM5ieNG37FjZaHiYJ6kiYn59x7e3vqR4wq7ThTy85kNza3ctv5nd29/YNC8bClRCwxaWLBhOz4SBFGOWlqqhnpRJKg0Gek7Y9vZ377mUhFBX/Sk4j0QjTkNKAYaSP1C7zsCePP2hMvRHqkguQuTfs1byTEWNLhSCMpxQv8Mh8jytPKxRn0/jHP/xha7hdKTtWZA64Td0lKYIlGv/DqDQSOQ8I1ZkiprutEupcgqSlmJM17sSIRwmM0JF1DOQqJ6iXzXFJ4apQBDIQ0h2s4V793JChUahL6pnK+5ao3E3/zurEOrnsJ5VGsCceLi4KYQS3gLGQ4oJJgzSaGICyp2RXiEZIIa/MVeROCu/rkddKqVd3LqvtQK9VvlnHkwDE4ARXggitQB/egAZoAgzfwbmWsrDW1PuxNO7cota1lzxH4Abv4CaBctoQ=</latexit>

D2 ,! Spin(3) ! Spin(3)/D2

<latexit sha1_base64="USKysw+pFNefwKyYywKZS1COFaM=">AAACKnicbVC7TsMwFHV4lvIqMLJYtEhlqRIGYEGisDCWij6kplSO4xarThzZN0hVlO9h4VdYOoAqVj4Ep+0ALUeyfHTOvbr3Hi8SXINtT6yV1bX1jc3cVn57Z3dvv3Bw2NQyVpQ1qBRStT2imeAhawAHwdqRYiTwBGt5w7vMb70wpbkMH2EUsW5ABiHvc0rASL1CteQGBJ4pEUk1xde4/pS4IKO07HpS+HoUmC8ZpmfYpb4E7NcXjVKvULQr9hR4mThzUkRz1HqFsetLGgcsBCqI1h3HjqCbEAWcCpbm3ViziNAhGbCOoSEJmO4m01NTfGoUH/elMi8EPFV/dyQk0NlypjK7Sy96mfif14mhf9VNeBjFwEI6G9SPBQaJs9ywzxWjIEaGEKq42RXTZ6IIBZNu3oTgLJ68TJrnFeei4jycF29u53Hk0DE6QWXkoEt0g+5RDTUQRa/oHX2gT+vNGlsT62tWumLNe47QH1jfP3hmp04=</latexit>

A = R>(k) · dR(k)
<latexit sha1_base64="eEW3AG0k4MCPFzJJYBMkdLnUkU8="></latexit>

F (k) = exp

(Z k

0
A
)

= eA(k)

<latexit sha1_base64="SUbGi3cPKDfpcqAaViKGHMjhh5E="></latexit>

F (`) = exp

⇢Z

`
A
�

= eA(`) 2 PN

<latexit sha1_base64="fPkjgQX+8JyWq4eSw6pUzw8Wv0A="></latexit>

F (`) = exp

⇢Z

`
A
�

= eA(`) 2 PN

Frame connection:

Holonomy element:



2D multi-gap topology: 


two-band Euler class and stable nodes



Tangent bundle of the sphere

e✓
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Hairy ball theorem: 


combing a hairy ball lead to vortices!
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Tangent bundle of the sphere

Poincaré-Hopf (Gauss-Bonnet) theorem: 

P
j
indexxj (v) = �[S2] = 2
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vorticity of the tangent 

vector field

Euler characteristic of the sphere

Hairy ball theorem: 


combing a hairy ball lead to vortices!
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e�
<latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit><latexit sha1_base64="9QlOADM6Z77dnMkzYk+2HPfNyXM=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFYqqSLjBWsDAWiT6kJoocx2mtOnZkO0hVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954wZVRpx/m2KmvrG5tb1e3azu7e/oF9eNRTIpOYdLFgQg5CpAijnHQ11YwMUklQEjLSDyc3hd9/IFJRwe/1NCV+gkacxhQjbaTAPmlALxQsUtPEfDmZBbmXjumsEdh1p+nMAVeJW5I6KNEJ7C8vEjhLCNeYIaWGrpNqP0dSU8zIrOZliqQIT9CIDA3lKCHKz+cXzOC5USIYC2ke13Cu/u7IUaKKFU1lgvRYLXuF+J83zHR85eeUp5kmHC8GxRmDWsAiDhhRSbBmU0MQltTsCvEYSYS1Ca1mQnCXT14lvVbTdZruXavevi7jqIJTcAYugAsuQRvcgg7oAgwewTN4BW/Wk/VivVsfi9KKVfYcgz+wPn8AecKW5Q==</latexit>

k
<latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit><latexit sha1_base64="qwSy4ns718y/+ZQo5pogWKZWmrw=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbFI9CG1UeU4TmvVcSLbAVWhn8LCAEKsfAkbf4PTZoCWI1k+Oude+fj4CWdKO863VdrY3NreKe9W9vYPDo/s6nFXxakktENiHsu+jxXlTNCOZprTfiIpjnxOe/70Jvd7D1QqFot7PUuoF+GxYCEjWBtpZFfraOjHPFCzyFzZdF4f2TWn4SyA1olbkBoUaI/sr2EQkzSiQhOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YKjAEVVetog+R+dGCVAYS3OERgv190aGI5VnM5MR1hO16uXif94g1eGVlzGRpJoKsnwoTDnSMcp7QAGTlGg+MwQTyUxWRCZYYqJNWxVTgrv65XXSbTZcp+HeNWut66KOMpzCGVyAC5fQgltoQwcIPMIzvMKb9WS9WO/Wx3K0ZBU7J/AH1ucPzaOTsQ==</latexit>

H(k)

<latexit sha1_base64="BKDjbqz5MfWsAJUqLzt2X/6tVzY=">AAACPnicbVA9SwNBEN3z2/h1ammzmAgRJNylUBshaGOp4mkgF8LeZmIW9z7YnRPCcf4xG3+DnaWNhSK2lm6SK9Q4sOzjvXnMzAsSKTQ6zrM1NT0zOze/sFhaWl5ZXbPXN650nCoOHo9lrJoB0yBFBB4KlNBMFLAwkHAd3J4M9es7UFrE0SUOEmiH7CYSPcEZGqpje5WLqo99QLbnJ32xS49o1Q9i2dWD0HwZ5J1srOf3E7wxTLIq36107LJTc0ZFJ4FbgDIp6qxjP/ndmKchRMgl07rlOgm2M6ZQcAl5yU81JIzfshtoGRixEHQ7G52f0x3DdGkvVuZFSEfsT0fGQj1c0HSGDPv6rzYk/9NaKfYO25mIkhQh4uNBvVRSjOkwS9oVCjjKgQGMK2F2pbzPFONoEi+ZENy/J0+Cq3rN3a+55/Vy47iIY4FskW1SJS45IA1ySs6IRzh5IC/kjbxbj9ar9WF9jlunrMKzSX6V9fUNkcCxRw==</latexit>

R(✓,�) = (e✓ e� er)

H(✓,�) = R(✓,�)

0

@
�1 0 0
0 �1 0
0 0 1

1

AR(✓,�)T

<latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit><latexit sha1_base64="oovAECVz752vkbhz4RvsFxTZ6Ew="></latexit>

Tangent bundle of the sphere on a lattice



vortices of the vector field

4 nodal points

nodal points between 

bands 1 and 2

<latexit sha1_base64="YUcR+Rlbwt3GsvoE1sScf8ZA3sw=">AAACR3icbVC7TsMwFHXKq5RXgZHFokVqlyrpACxIFSyMBdGH1IbIcZxi1XEi20GqovB1LKxs/AILAwgx4rQdSsqRLB+fc6/u9XEjRqUyzTejsLK6tr5R3Cxtbe/s7pX3D7oyjAUmHRyyUPRdJAmjnHQUVYz0I0FQ4DLSc8dXmd97JELSkN+pSUTsAI049SlGSktO+b56Wxu6IfPkJNBXMk7r8ALWYsfKy0+x01zSFt88zdv1qlOumA1zCrhMrDmpgDnaTvl16IU4DghXmCEpB5YZKTtBQlHMSFoaxpJECI/RiAw05Sgg0k6mOaTwRCse9EOhD1dwqi52JCiQ2Xa6MkDqQea9TPzPG8TKP7cTyqNYEY5ng/yYQRXCLFToUUGwYhNNEBZU7wrxAxIIKx19SYdg5b+8TLrNhnXasG6aldblPI4iOALHoAYscAZa4Bq0QQdg8AzewSf4Ml6MD+Pb+JmVFox5zyH4g4LxC17xsuA=</latexit>

R(k) = (u1(k) u2(k) n(k))

with            covering the sphere one time
<latexit sha1_base64="h6f1YnGDmDcXA/jfeTF5JurKDLA=">AAACCXicbVC7TsMwFHXKq5RXgJHFokUqS5V0AMYKFsYi0RapjSrHcVqrjh3ZDlIVZWXhV1gYQIiVP2Djb3DaDKXlSJaPz7lXvvf4MaNKO86PVVpb39jcKm9Xdnb39g/sw6OuEonEpIMFE/LBR4owyklHU83IQywJinxGev7kJvd7j0QqKvi9nsbEi9CI05BipI00tGFt4AsWqGlkrpRn9cXnJDuvDe2q03BmgKvELUgVFGgP7e9BIHASEa4xQ0r1XSfWXoqkppiRrDJIFIkRnqAR6RvKUUSUl842yeCZUQIYCmkO13CmLnakKFL5cKYyQnqslr1c/M/rJzq88lLK40QTjucfhQmDWsA8FhhQSbBmU0MQltTMCvEYSYS1Ca9iQnCXV14l3WbDvWi4d81q67qIowxOwCmoAxdcgha4BW3QARg8gRfwBt6tZ+vV+rA+56Ulq+g5Bn9gff0C6cKadw==</latexit>

n(k)

Topological Euler insulator



� = 2
<latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit><latexit sha1_base64="QMn9qx0xlk4SMllRM/krYNNtp6I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUqPjfh1rdIvld2qOwdZJV5OypCj0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+b3zsl51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZk9TwZcITNiYgllittbCRtRRZmxERVtCN7yy6ukVat6btW7r5XrN3kcBTiFM7gADy6hDnfQgCYwEPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHrpGPDw==</latexit>

Wilson loop winding

vorticity of the vector field Euler characteristic of the spherethe 4 nodes are unremovable as long as the gap is preserved!

4 nodal points

Topological Euler insulator



� = 4
<latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit><latexit sha1_base64="lN/3GZh6HuaklXILLcMhYBu+Zsk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9gNgl6EoBePEcwDkyXMTmaTIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mO5y4aCXJOLcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mF0/JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9n7pC80ZyjHllCmhb2VsCHVlKENqWBD8JZfXiXNasVzK959tVS7yeLIwwmcwjl4cAk1uIM6NICBgmd4hTfHOC/Ou/OxaM052cwx/IHz+QNg9Y9l</latexit>

Total number of stable Nodal Points: #NP = 2|�|
<latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit><latexit sha1_base64="zwxkDm2HpP7DK+bVeqJAzKjZZvY=">AAACDnicbVC7TsMwFHXKq5RXgJHFIq3EVCVdYEGqYGFCRaIPqYkqx3Vaq7YT2Q5SFfULWPgVFgYQYmVm429w2gzQciRLR+fcI997woRRpV332yqtrW9sbpW3Kzu7e/sH9uFRR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wcp373QciFY3FvZ4mJOBoJGhEMdJGGti1qu/4HOmx5NltawYvYQP6JqChj8e0oNWB7bh1dw64SryCOKBAa2B/+cMYp5wIjRlSqu+5iQ4yJDXFjMwqfqpIgvAEjUjfUIE4UUE2P2cGa0YZwiiW5gkN5+rvRIa4UlMemsl8c7Xs5eJ/Xj/V0UWQUZGkmgi8+ChKGdQxzLuBQyoJ1mxqCMKSml0hHiOJsDYNVkwJ3vLJq6TTqHtu3btrOM2roo4yOAGn4Ax44Bw0wQ1ogTbA4BE8g1fwZj1ZL9a79bEYLVlF5hj8gfX5A0bymlY=</latexit>

8 nodal points

Topological Euler insulator



Euler number conversion via braiding of Weyl points



1D topology: 

Möbius strip and orientability



Möbius bundle

spx
x

tsp = 1tsp = -1
tpp = -1tpp = -1
tss = 1tss = 1

BZ ⇠= T1 = S1
<latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit>� = ✏s � ✏p

<latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit>

1D Brillouin zone: 

hz hx
H(kx) =

✓
�+ cos kx sin kx

sin kx ��� cos kx

◆
= (�+ cos kx)�z + sin kz�x

<latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit>

x
<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

SSH model:



spx
x

tsp = 1tsp = -1
tpp = -1tpp = -1
tss = 1tss = 1

BZ ⇠= T1 = S1
<latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit><latexit sha1_base64="gTgCYL/20a+ymfufymLgdCBpXy4=">AAACGnicbVC7TsMwFHXKq4RXgJHFokViqpIusCBVZWEsoi/Rhspx3daq40S2g1RF+Q4WfoWFAYTYEAt/g5NGCFqOZOncc+6V7z1eyKhUtv1lFFZW19Y3ipvm1vbO7p61f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje9TP3OPRGSBrypZiFxfTTmdEQxUloaWE7Z7PtITYQf128T2McBH8NM8by4mdw58OKnvNGlWR5YJbtiZ4DLxMlJCeRoDKyP/jDAkU+4wgxJ2XPsULkxEopiRhKzH0kSIjxFY9LTlCOfSDfOTkvgiVaGcBQI/biCmfp7Ika+lDPf053plnLRS8X/vF6kRuduTHkYKcLx/KNRxKAKYJoTHFJBsGIzTRAWVO8K8QQJhJVO09QhOIsnL5N2teLYFee6WqrV8ziK4Agcg1PggDNQA1egAVoAgwfwBF7Aq/FoPBtvxvu8tWDkM4fgD4zPb85qn3E=</latexit>

kx 2 [0, 2⇡)
<latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit>

� = ✏s � ✏p
<latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit><latexit sha1_base64="1Jw9xktrBYVBwJ/uTjA/h4mcIG4=">AAACEXicbVC7SgNBFJ2Nr7i+Vi1tBhMhjWE3jTZCUAvLCOYB2SXMTm6SIbMPZmaFsOwv2PgrNhaK2NrZ+TdOki1i4oELZ865l7n3+DFnUtn2j1FYW9/Y3Cpumzu7e/sH1uFRS0aJoNCkEY9ExycSOAuhqZji0IkFkMDn0PbHN1O//QhCsih8UJMYvIAMQzZglCgt9axK2XRvgSuCr7ALsWRcq6nM8PnCM87Mcs8q2VV7BrxKnJyUUI5Gz/p2+xFNAggV5UTKrmPHykuJUIxyyEw3kRATOiZD6GoakgCkl84uyvCZVvp4EAldocIzdXEiJYGUk8DXnQFRI7nsTcX/vG6iBpdeysI4URDS+UeDhGMV4Wk8uM8EUMUnmhAqmN4V0xERhCodoqlDcJZPXiWtWtWxq859rVS/zuMoohN0iirIQReoju5QAzURRU/oBb2hd+PZeDU+jM95a8HIZ47RHxhfvzc4nAI=</latexit>

0  � < 1
<latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit>

1 < �
<latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit>
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� = 1
<latexit sha1_base64="mguIuhylA4dxFW+XW6O7FdqkGkk=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFhPBKtyl0UYIamEZwXxgcoS9zVyyZG/v2J0TQsi/sLFQxNZ/Y+e/cZNcoYkPBh7vzTAzL0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMbmZ+6wm0EbF6wHECfsQGSoSCM7TSY7l7CxLZlVfuFUtuxZ2DrhIvIyWSod4rfnX7MU8jUMglM6bjuQn6E6ZRcAnTQjc1kDA+YgPoWKpYBMafzC+e0jOr9GkYa1sK6Vz9PTFhkTHjKLCdEcOhWfZm4n9eJ8Xw0p8IlaQIii8WhamkGNPZ+7QvNHCUY0sY18LeSvmQacbRhlSwIXjLL6+SZrXiuRXvvlqqXWdx5MkJOSXnxCMXpEbuSJ00CCeKPJNX8uYY58V5dz4WrTknmzkmf+B8/gAQZ4/Y</latexit><latexit sha1_base64="mguIuhylA4dxFW+XW6O7FdqkGkk=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFhPBKtyl0UYIamEZwXxgcoS9zVyyZG/v2J0TQsi/sLFQxNZ/Y+e/cZNcoYkPBh7vzTAzL0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMbmZ+6wm0EbF6wHECfsQGSoSCM7TSY7l7CxLZlVfuFUtuxZ2DrhIvIyWSod4rfnX7MU8jUMglM6bjuQn6E6ZRcAnTQjc1kDA+YgPoWKpYBMafzC+e0jOr9GkYa1sK6Vz9PTFhkTHjKLCdEcOhWfZm4n9eJ8Xw0p8IlaQIii8WhamkGNPZ+7QvNHCUY0sY18LeSvmQacbRhlSwIXjLL6+SZrXiuRXvvlqqXWdx5MkJOSXnxCMXpEbuSJ00CCeKPJNX8uYY58V5dz4WrTknmzkmf+B8/gAQZ4/Y</latexit><latexit sha1_base64="mguIuhylA4dxFW+XW6O7FdqkGkk=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFhPBKtyl0UYIamEZwXxgcoS9zVyyZG/v2J0TQsi/sLFQxNZ/Y+e/cZNcoYkPBh7vzTAzL0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMbmZ+6wm0EbF6wHECfsQGSoSCM7TSY7l7CxLZlVfuFUtuxZ2DrhIvIyWSod4rfnX7MU8jUMglM6bjuQn6E6ZRcAnTQjc1kDA+YgPoWKpYBMafzC+e0jOr9GkYa1sK6Vz9PTFhkTHjKLCdEcOhWfZm4n9eJ8Xw0p8IlaQIii8WhamkGNPZ+7QvNHCUY0sY18LeSvmQacbRhlSwIXjLL6+SZrXiuRXvvlqqXWdx5MkJOSXnxCMXpEbuSJ00CCeKPJNX8uYY58V5dz4WrTknmzkmf+B8/gAQZ4/Y</latexit><latexit sha1_base64="mguIuhylA4dxFW+XW6O7FdqkGkk=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFhPBKtyl0UYIamEZwXxgcoS9zVyyZG/v2J0TQsi/sLFQxNZ/Y+e/cZNcoYkPBh7vzTAzL0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMbmZ+6wm0EbF6wHECfsQGSoSCM7TSY7l7CxLZlVfuFUtuxZ2DrhIvIyWSod4rfnX7MU8jUMglM6bjuQn6E6ZRcAnTQjc1kDA+YgPoWKpYBMafzC+e0jOr9GkYa1sK6Vz9PTFhkTHjKLCdEcOhWfZm4n9eJ8Xw0p8IlaQIii8WhamkGNPZ+7QvNHCUY0sY18LeSvmQacbRhlSwIXjLL6+SZrXiuRXvvlqqXWdx5MkJOSXnxCMXpEbuSJ00CCeKPJNX8uYY58V5dz4WrTknmzkmf+B8/gAQZ4/Y</latexit>

E1
<latexit sha1_base64="83UrMYpSHK6DeQGPMtE0pW0Pxmo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Ht3O//cS1EYl6xEnKg5gOlYgEo2glv3rX96r9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z615D/VK4yaPowhncA6X4MEVNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHdbWNxw==</latexit><latexit sha1_base64="83UrMYpSHK6DeQGPMtE0pW0Pxmo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Ht3O//cS1EYl6xEnKg5gOlYgEo2glv3rX96r9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z615D/VK4yaPowhncA6X4MEVNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHdbWNxw==</latexit><latexit sha1_base64="83UrMYpSHK6DeQGPMtE0pW0Pxmo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Ht3O//cS1EYl6xEnKg5gOlYgEo2glv3rX96r9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z615D/VK4yaPowhncA6X4MEVNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHdbWNxw==</latexit><latexit sha1_base64="83UrMYpSHK6DeQGPMtE0pW0Pxmo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Ht3O//cS1EYl6xEnKg5gOlYgEo2glv3rX96r9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z615D/VK4yaPowhncA6X4MEVNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHdbWNxw==</latexit>

E2
<latexit sha1_base64="TmLhkXFlejxvvvf7u2iOHkcyJuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnshHM0kxiOlQ8ogzaqzkV+/69Wq/XHFr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5noOphymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVrnlvzHuqVxk0eRxHO4BwuwYMraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPdzqNyA==</latexit><latexit sha1_base64="TmLhkXFlejxvvvf7u2iOHkcyJuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnshHM0kxiOlQ8ogzaqzkV+/69Wq/XHFr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5noOphymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVrnlvzHuqVxk0eRxHO4BwuwYMraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPdzqNyA==</latexit><latexit sha1_base64="TmLhkXFlejxvvvf7u2iOHkcyJuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnshHM0kxiOlQ8ogzaqzkV+/69Wq/XHFr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5noOphymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVrnlvzHuqVxk0eRxHO4BwuwYMraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPdzqNyA==</latexit><latexit sha1_base64="TmLhkXFlejxvvvf7u2iOHkcyJuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63n1BpnshHM0kxiOlQ8ogzaqzkV+/69Wq/XHFr7gJknXg5qUCOZr/81RskLItRGiao1l3PTU0wpcpwJnBW6mUaU8rGdIhdSyWNUQfTxbEzcmGVAYkSZUsaslB/T0xprPUkDm1nTM1Ir3pz8T+vm5noOphymWYGJVsuijJBTELmn5MBV8iMmFhCmeL2VsJGVFFmbD4lG4K3+vI6adVrnlvzHuqVxk0eRxHO4BwuwYMraMA9NMEHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPdzqNyA==</latexit>

1D Brillouin zone: 

hz hx
H(kx) =

✓
�+ cos kx sin kx

sin kx ��� cos kx

◆
= (�+ cos kx)�z + sin kz�x

<latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit><latexit sha1_base64="FdEkcUO/XlQI1/8xYhDc3WUadL0="></latexit>

x
<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

Möbius bundle
SSH model:



kx 2 [0, 2⇡)
<latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit>

trivial bundle1 < �
<latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit><latexit sha1_base64="3RDZxIn18IzjKkOLMEPuIOkHmvg=">AAAB+HicbVA9TwJBEJ3DLzw/OLW02QgmVuSORgsLohaWmAiSwIXsLXuwYe8ju3MmSPglNhYaY+tPsfPfuMAVCr5kkpf3ZjIzL0il0Oi631ZhbX1jc6u4be/s7u2XnIPDlk4yxXiTJTJR7YBqLkXMmyhQ8naqOI0CyR+C0fXMf3jkSoskvsdxyv2IDmIRCkbRSD2nVLG9S0K6N1wiJXal55TdqjsHWSVeTsqQo9Fzvrr9hGURj5FJqnXHc1P0J1ShYJJP7W6meUrZiA54x9CYRlz7k/nhU3JqlD4JE2UqRjJXf09MaKT1OApMZ0RxqJe9mfif18kwvPAnIk4z5DFbLAozSTAhsxRIXyjOUI4NoUwJcythQ6ooQ5OVbULwll9eJa1a1XOr3l2tXL/K4yjCMZzAGXhwDnW4hQY0gUEGz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP/dukK4=</latexit>

0  � < 1
<latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit><latexit sha1_base64="tkJcqoCB6dXQX8q80o7yhLtev0g=">AAAB/XicbVC7TsNAEDzzDOZlHh3NiQSJKrLTQEERAQVlkMhDiq3ofNkkp5zP5u6MFKyIX6GhACFa/oOOv+GSuICEkVYazexqdydMOFPadb+tpeWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M0HkIrF4k6PEggi0hesxyjRRuo4hyXb9TncY/8auCb4Ant2qeMU3bI7BV4kXk6KKEet43z53ZimEQhNOVGq7bmJDjIiNaMcxrafKkgIHZI+tA0VJAIVZNPrx/jEKF3ci6UpofFU/T2RkUipURSazojogZr3JuJ/XjvVvfMgYyJJNQg6W9RLOdYxnkSBu0wC1XxkCKGSmVsxHRBJqDaB2SYEb/7lRdKolD237N1WitXLPI4COkLH6BR56AxV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD4wikq4=</latexit>

nontrivial bundle MS1
<latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit>
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u1(kx)
<latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit>

u1(0) =


1
0

�

<latexit sha1_base64="W8PoanrPXxv0dxOnyaJaYfSAi18="></latexit><latexit sha1_base64="W8PoanrPXxv0dxOnyaJaYfSAi18="></latexit><latexit sha1_base64="W8PoanrPXxv0dxOnyaJaYfSAi18="></latexit><latexit sha1_base64="W8PoanrPXxv0dxOnyaJaYfSAi18="></latexit>

u1(2⇡) =


�1
0

�

<latexit sha1_base64="BkPv6e/hWLdPfFeaIWxH22HsP0o="></latexit><latexit sha1_base64="BkPv6e/hWLdPfFeaIWxH22HsP0o="></latexit><latexit sha1_base64="BkPv6e/hWLdPfFeaIWxH22HsP0o="></latexit><latexit sha1_base64="BkPv6e/hWLdPfFeaIWxH22HsP0o="></latexit>

u1(kx)
<latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit>

BZ

BZ

TS1
<latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit>

“orientable”

“non-orientable”

Möbius bundle (strip)



kx 2 [0, 2⇡)
<latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit><latexit sha1_base64="/DJn8u7v4ays7tVy4tlrK/o4qkU=">AAAB/XicbVDLSsNAFL3xWeMrPnZuBltBQUrSjS6LblxWsA9IQplMp+3QySTMTMRair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RyprTrfltLyyura+uFDXtza3tn19nbb6gkk4TWScIT2YqwopwJWtdMc9pKJcVxxGkzGlxP/OY9lYol4k4PUxrGuCdYlxGsjdR2Dkv2oP2AAiaQ755XgpSd2aW2U3TL7hRokXg5KUKOWtv5CjoJyWIqNOFYKd9zUx2OsNSMcDq2g0zRFJMB7lHfUIFjqsLR9PoxOjFKB3UTaUpoNFV/T4xwrNQwjkxnjHVfzXsT8T/Pz3T3MhwxkWaaCjJb1M040gmaRIE6TFKi+dAQTCQztyLSxxITbQKzTQje/MuLpFEpe27Zu60Uq1d5HAU4gmM4BQ8uoAo3UIM6EHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP7VLksk=</latexit>

TS1
<latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit><latexit sha1_base64="kdLJCszrcUmUHJWWJxZ/LlUCrQU=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawMBbRl9SGynHd1qrjRLYDqkI/hYUBhFj5Ejb+BqfNAC1HsnR0zr26xyeIOVPadb+ttfWNza3two69u7d/cOgUj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDibXmd9+oFKxSDT0NKZ+iEeCDRnB2kh9p1i2G70Q63EQpHeze88u952SW3HnQKvEy0kJctT7zldvEJEkpEITjpXqem6s/RRLzQinM7uXKBpjMsEj2jVU4JAqP51Hn6EzowzQMJLmCY3m6u+NFIdKTcPATGYp1bKXif953UQPL/2UiTjRVJDFoWHCkY5Q1gMaMEmJ5lNDMJHMZEVkjCUm2rRlmxK85S+vkla14rkV77Zaql3ldRTgBE7hHDy4gBrcQB2aQOARnuEV3qwn68V6tz4Wo2tWvnMMf2B9/gA2G5Kn</latexit>

MS1
<latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit><latexit sha1_base64="GzgUZHT64/hNUGAJy6Rx4ZkMgxs=">AAAB+nicbVC7TsMwFL3hWcIrhZHFokViqpIuMFawsCAVQR9SGyrHdVurjhPZDqgK/RQWBhBi5UvY+BucNgO0HMnS0Tn36h6fIOZMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYX2Z+64FKxSJxpycx9UM8FGzACNZG6jnFsn3dDbEeBUF6O7337HLPKbkVdwa0TLyclCBHved8dfsRSUIqNOFYqY7nxtpPsdSMcDq1u4miMSZjPKQdQwUOqfLTWfQpOjFKHw0iaZ7QaKb+3khxqNQkDMxkllItepn4n9dJ9ODcT5mIE00FmR8aJBzpCGU9oD6TlGg+MQQTyUxWREZYYqJNW7YpwVv88jJpViueW/FuqqXaRV5HAY7gGE7BgzOowRXUoQEEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPKx2SoA==</latexit>

u1(kx)
<latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit><latexit sha1_base64="i0XqPQK4d5OCbrrKsnwW/nsJyI4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiYITLZW/Zgw27e5fdPSO58C9sLDTG1n9j579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0XGqCG2TmMfqPsSaciZp2zDD6X2iKBYhp91wfD3zu49UaRbLOzNJqC/wULKIEWys9FBNA682Dp7Oq0G54tbdOdAq8XJSgRytoPzVH8QkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzi6fozCoDFMXKljRorv6eyLDQeiJC2ymwGellbyb+5/VSE136GZNJaqgki0VRypGJ0ex9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2/vEo6jbrn1r3bRqV5lcdRhBM4hRp4cAFNuIEWtIGAhGd4hTdHOy/Ou/OxaC04+cwx/IHz+QPlJY+8</latexit>

BZ

BZ

⇡1[TS1] = ⇡1[MS1]
<latexit sha1_base64="DhtHKCu+0MevfOLI5bZxrIYbZUw=">AAACGnicbZDLSsNAFIYnXmu8RV26GWwFVyXTjW6Eohs3QsXeoIlhMp20QycXZiZCCX0ON76KGxeKuBM3vo2TNgvb+sPAz3fOYc75/YQzqWz7x1hZXVvf2Cxtmds7u3v71sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80XVe7zxSIVkcNdU4oW6IBxELGMFKI89CFdNJmIdgr+mEWA19P7ufPCAXXsKC385xs+JZZbtqTwWXDSpMGRRqeNaX049JGtJIEY6l7CE7UW6GhWKE04nppJImmIzwgPa0jXBIpZtNT5vAU036MIiFfpGCU/p3IsOhlOPQ1535mnKxlsP/ar1UBRduxqIkVTQis4+ClEMVwzwn2GeCEsXH2mAimN4VkiEWmCidpqlDQIsnL5t2rYrsKrqrletXRRwlcAxOwBlA4BzUwQ1ogBYg4Am8gDfwbjwbr8aH8TlrXTGKmSMwJ+P7F1hQno8=</latexit><latexit sha1_base64="DhtHKCu+0MevfOLI5bZxrIYbZUw=">AAACGnicbZDLSsNAFIYnXmu8RV26GWwFVyXTjW6Eohs3QsXeoIlhMp20QycXZiZCCX0ON76KGxeKuBM3vo2TNgvb+sPAz3fOYc75/YQzqWz7x1hZXVvf2Cxtmds7u3v71sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80XVe7zxSIVkcNdU4oW6IBxELGMFKI89CFdNJmIdgr+mEWA19P7ufPCAXXsKC385xs+JZZbtqTwWXDSpMGRRqeNaX049JGtJIEY6l7CE7UW6GhWKE04nppJImmIzwgPa0jXBIpZtNT5vAU036MIiFfpGCU/p3IsOhlOPQ1535mnKxlsP/ar1UBRduxqIkVTQis4+ClEMVwzwn2GeCEsXH2mAimN4VkiEWmCidpqlDQIsnL5t2rYrsKrqrletXRRwlcAxOwBlA4BzUwQ1ogBYg4Am8gDfwbjwbr8aH8TlrXTGKmSMwJ+P7F1hQno8=</latexit><latexit sha1_base64="DhtHKCu+0MevfOLI5bZxrIYbZUw=">AAACGnicbZDLSsNAFIYnXmu8RV26GWwFVyXTjW6Eohs3QsXeoIlhMp20QycXZiZCCX0ON76KGxeKuBM3vo2TNgvb+sPAz3fOYc75/YQzqWz7x1hZXVvf2Cxtmds7u3v71sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80XVe7zxSIVkcNdU4oW6IBxELGMFKI89CFdNJmIdgr+mEWA19P7ufPCAXXsKC385xs+JZZbtqTwWXDSpMGRRqeNaX049JGtJIEY6l7CE7UW6GhWKE04nppJImmIzwgPa0jXBIpZtNT5vAU036MIiFfpGCU/p3IsOhlOPQ1535mnKxlsP/ar1UBRduxqIkVTQis4+ClEMVwzwn2GeCEsXH2mAimN4VkiEWmCidpqlDQIsnL5t2rYrsKrqrletXRRwlcAxOwBlA4BzUwQ1ogBYg4Am8gDfwbjwbr8aH8TlrXTGKmSMwJ+P7F1hQno8=</latexit><latexit sha1_base64="DhtHKCu+0MevfOLI5bZxrIYbZUw=">AAACGnicbZDLSsNAFIYnXmu8RV26GWwFVyXTjW6Eohs3QsXeoIlhMp20QycXZiZCCX0ON76KGxeKuBM3vo2TNgvb+sPAz3fOYc75/YQzqWz7x1hZXVvf2Cxtmds7u3v71sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80XVe7zxSIVkcNdU4oW6IBxELGMFKI89CFdNJmIdgr+mEWA19P7ufPCAXXsKC385xs+JZZbtqTwWXDSpMGRRqeNaX049JGtJIEY6l7CE7UW6GhWKE04nppJImmIzwgPa0jXBIpZtNT5vAU036MIiFfpGCU/p3IsOhlOPQ1535mnKxlsP/ar1UBRduxqIkVTQis4+ClEMVwzwn2GeCEsXH2mAimN4VkiEWmCidpqlDQIsnL5t2rYrsKrqrletXRRwlcAxOwBlA4BzUwQ1ogBYg4Am8gDfwbjwbr8aH8TlrXTGKmSMwJ+P7F1hQno8=</latexit>

not enough to distinguish them!

Möbius bundle (strip)



H(kx) = [u1(kx) u2(kx)]


�1 0
0 1

� 
u1(kx)T

u2(kx)T

�

<latexit sha1_base64="xhSjBwJul1NLhyRT7V9vQxr2ris="></latexit><latexit sha1_base64="xhSjBwJul1NLhyRT7V9vQxr2ris="></latexit><latexit sha1_base64="xhSjBwJul1NLhyRT7V9vQxr2ris="></latexit><latexit sha1_base64="xhSjBwJul1NLhyRT7V9vQxr2ris="></latexit>

Gauge symmetry of 

the gaped Hamiltonian:

[u1(kx) u2(kx)] �! [u1(kx) u2(kx)]


±1 0
0 ±1

�

<latexit sha1_base64="T9gDJ2rQCIiw7gNw6WioJGRJ1Us="></latexit><latexit sha1_base64="T9gDJ2rQCIiw7gNw6WioJGRJ1Us="></latexit><latexit sha1_base64="T9gDJ2rQCIiw7gNw6WioJGRJ1Us="></latexit><latexit sha1_base64="T9gDJ2rQCIiw7gNw6WioJGRJ1Us="></latexit>

Gap condition: 
E1 < E2

<latexit sha1_base64="rnwuHUCZAibAqqta481Zc0GgZtc=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0cIiKAHLCOYDLsext9lLluztHrt7Qgj5GTYWitj6a+z8N26SKzTxwcDjvRlm5kUpZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0tM0Vom0guVS/CmnImaNsww2kvVRQnEafdaHw397tPVGkmxaOZpDRI8FCwmBFsrORXm6GHblAzrFfDcsWtuQugdeLlpAI5WmH5qz+QJEuoMIRjrX3PTU0wxcowwums1M80TTEZ4yH1LRU4oTqYLk6eoQurDFAslS1h0EL9PTHFidaTJLKdCTYjverNxf88PzPxdTBlIs0MFWS5KM44MhLN/0cDpigxfGIJJorZWxEZYYWJsSmVbAje6svrpFOveW7Ne6hXGrd5HEU4g3O4BA+uoAH30II2EJDwDK/w5hjnxXl3PpatBSefOYU/cD5/AF3Rj1U=</latexit><latexit sha1_base64="rnwuHUCZAibAqqta481Zc0GgZtc=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0cIiKAHLCOYDLsext9lLluztHrt7Qgj5GTYWitj6a+z8N26SKzTxwcDjvRlm5kUpZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0tM0Vom0guVS/CmnImaNsww2kvVRQnEafdaHw397tPVGkmxaOZpDRI8FCwmBFsrORXm6GHblAzrFfDcsWtuQugdeLlpAI5WmH5qz+QJEuoMIRjrX3PTU0wxcowwums1M80TTEZ4yH1LRU4oTqYLk6eoQurDFAslS1h0EL9PTHFidaTJLKdCTYjverNxf88PzPxdTBlIs0MFWS5KM44MhLN/0cDpigxfGIJJorZWxEZYYWJsSmVbAje6svrpFOveW7Ne6hXGrd5HEU4g3O4BA+uoAH30II2EJDwDK/w5hjnxXl3PpatBSefOYU/cD5/AF3Rj1U=</latexit><latexit sha1_base64="rnwuHUCZAibAqqta481Zc0GgZtc=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0cIiKAHLCOYDLsext9lLluztHrt7Qgj5GTYWitj6a+z8N26SKzTxwcDjvRlm5kUpZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0tM0Vom0guVS/CmnImaNsww2kvVRQnEafdaHw397tPVGkmxaOZpDRI8FCwmBFsrORXm6GHblAzrFfDcsWtuQugdeLlpAI5WmH5qz+QJEuoMIRjrX3PTU0wxcowwums1M80TTEZ4yH1LRU4oTqYLk6eoQurDFAslS1h0EL9PTHFidaTJLKdCTYjverNxf88PzPxdTBlIs0MFWS5KM44MhLN/0cDpigxfGIJJorZWxEZYYWJsSmVbAje6svrpFOveW7Ne6hXGrd5HEU4g3O4BA+uoAH30II2EJDwDK/w5hjnxXl3PpatBSefOYU/cD5/AF3Rj1U=</latexit><latexit sha1_base64="rnwuHUCZAibAqqta481Zc0GgZtc=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0cIiKAHLCOYDLsext9lLluztHrt7Qgj5GTYWitj6a+z8N26SKzTxwcDjvRlm5kUpZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0tM0Vom0guVS/CmnImaNsww2kvVRQnEafdaHw397tPVGkmxaOZpDRI8FCwmBFsrORXm6GHblAzrFfDcsWtuQugdeLlpAI5WmH5qz+QJEuoMIRjrX3PTU0wxcowwums1M80TTEZ4yH1LRU4oTqYLk6eoQurDFAslS1h0EL9PTHFidaTJLKdCTYjverNxf88PzPxdTBlIs0MFWS5KM44MhLN/0cDpigxfGIJJorZWxEZYYWJsSmVbAje6svrpFOveW7Ne6hXGrd5HEU4g3O4BA+uoAH30II2EJDwDK/w5hjnxXl3PpatBSefOYU/cD5/AF3Rj1U=</latexit>

Space of Hamiltonian: U(kx) = [u1(kx) u2(kx)] 2 O(2)
<latexit sha1_base64="zJqQ6VYvOdeKEKJRgo8v0PbOs74=">AAACGXicbZC9TsMwFIWd8lfKX4GRxaJFapcqyQILUgULG0UibaU0ihzXaa06TmQ7iCoqj8HCq7AwgBAjTLwNbtoBWo5k6dO598r3niBhVCrT/DYKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4JjFohsgSRjlxFFUMdJNBEFRwEgnGF1O6507IiSN+a0aJ8SL0IDTkGKktOWXzapTG/n3dXgO3dS3cn5IfTsHD/Yoh70IqaEMs+tJza5X/XLFbJi54DJYc6iAuVp++bPXj3EaEa4wQ1K6lpkoL0NCUczIpNRLJUkQHqEBcTVyFBHpZfllE3iinT4MY6EfVzB3f09kKJJyHAW6M99ysTY1/6u5qQrPvIzyJFWE49lHYcqgiuE0JtingmDFxhoQFlTvCvEQCYSVDrOkQ7AWT16Gtt2wzIZ1Y1eaF/M4iuAIHIMasMApaIIr0AIOwOARPINX8GY8GS/Gu/Exay0Y85lD8EfG1w/b3Z25</latexit><latexit sha1_base64="zJqQ6VYvOdeKEKJRgo8v0PbOs74=">AAACGXicbZC9TsMwFIWd8lfKX4GRxaJFapcqyQILUgULG0UibaU0ihzXaa06TmQ7iCoqj8HCq7AwgBAjTLwNbtoBWo5k6dO598r3niBhVCrT/DYKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4JjFohsgSRjlxFFUMdJNBEFRwEgnGF1O6507IiSN+a0aJ8SL0IDTkGKktOWXzapTG/n3dXgO3dS3cn5IfTsHD/Yoh70IqaEMs+tJza5X/XLFbJi54DJYc6iAuVp++bPXj3EaEa4wQ1K6lpkoL0NCUczIpNRLJUkQHqEBcTVyFBHpZfllE3iinT4MY6EfVzB3f09kKJJyHAW6M99ysTY1/6u5qQrPvIzyJFWE49lHYcqgiuE0JtingmDFxhoQFlTvCvEQCYSVDrOkQ7AWT16Gtt2wzIZ1Y1eaF/M4iuAIHIMasMApaIIr0AIOwOARPINX8GY8GS/Gu/Exay0Y85lD8EfG1w/b3Z25</latexit><latexit sha1_base64="zJqQ6VYvOdeKEKJRgo8v0PbOs74=">AAACGXicbZC9TsMwFIWd8lfKX4GRxaJFapcqyQILUgULG0UibaU0ihzXaa06TmQ7iCoqj8HCq7AwgBAjTLwNbtoBWo5k6dO598r3niBhVCrT/DYKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4JjFohsgSRjlxFFUMdJNBEFRwEgnGF1O6507IiSN+a0aJ8SL0IDTkGKktOWXzapTG/n3dXgO3dS3cn5IfTsHD/Yoh70IqaEMs+tJza5X/XLFbJi54DJYc6iAuVp++bPXj3EaEa4wQ1K6lpkoL0NCUczIpNRLJUkQHqEBcTVyFBHpZfllE3iinT4MY6EfVzB3f09kKJJyHAW6M99ysTY1/6u5qQrPvIzyJFWE49lHYcqgiuE0JtingmDFxhoQFlTvCvEQCYSVDrOkQ7AWT16Gtt2wzIZ1Y1eaF/M4iuAIHIMasMApaIIr0AIOwOARPINX8GY8GS/Gu/Exay0Y85lD8EfG1w/b3Z25</latexit><latexit sha1_base64="zJqQ6VYvOdeKEKJRgo8v0PbOs74=">AAACGXicbZC9TsMwFIWd8lfKX4GRxaJFapcqyQILUgULG0UibaU0ihzXaa06TmQ7iCoqj8HCq7AwgBAjTLwNbtoBWo5k6dO598r3niBhVCrT/DYKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4JjFohsgSRjlxFFUMdJNBEFRwEgnGF1O6507IiSN+a0aJ8SL0IDTkGKktOWXzapTG/n3dXgO3dS3cn5IfTsHD/Yoh70IqaEMs+tJza5X/XLFbJi54DJYc6iAuVp++bPXj3EaEa4wQ1K6lpkoL0NCUczIpNRLJUkQHqEBcTVyFBHpZfllE3iinT4MY6EfVzB3f09kKJJyHAW6M99ysTY1/6u5qQrPvIzyJFWE49lHYcqgiuE0JtingmDFxhoQFlTvCvEQCYSVDrOkQ7AWT16Gtt2wzIZ1Y1eaF/M4iuAIHIMasMApaIIr0AIOwOARPINX8GY8GS/Gu/Exay0Y85lD8EfG1w/b3Z25</latexit>

P(kx) = U(kx)U(kx)T 2 O(2)/[O(1)⇥ O(1)] = Gr1(R2) ⇠= RP 1 ⇠= S1
<latexit sha1_base64="EDuaL0nquVfwgObC7qKJi8kgDCk="></latexit><latexit sha1_base64="EDuaL0nquVfwgObC7qKJi8kgDCk="></latexit><latexit sha1_base64="EDuaL0nquVfwgObC7qKJi8kgDCk="></latexit><latexit sha1_base64="EDuaL0nquVfwgObC7qKJi8kgDCk="></latexit>

⇡1[S1] = Z
<latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit>

homotopy classification of 

gaped band structures:

Classifying space

Möbius bundle



⇡1[S1] = Z
<latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit>

This holds only when the Möbius bundle is restricted to the plane ! u1(kx) 2 R2
<latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit>

Computed as the winding number of

ĥ = (hx, hz)/|h| 2 S1
<latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit>

Möbius bundle



⇡1[S1] = Z
<latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit>

This holds only when the Möbius bundle is restricted to the plane ! u1(kx) 2 R2
<latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit>

Computed as the winding number of

ĥ = (hx, hz)/|h| 2 S1
<latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit>

If we embed the Möbius bundle in  R3
<latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit>

bundles with even twists can be untwisted !

⇡1[Gr1(R3)] = Z2
<latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit>

u1(kx) 2 R3
<latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit>

we effectively add one extra band:

Möbius bundle

rotating out of plane



⇡1[S1] = Z
<latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit><latexit sha1_base64="h2i5sXX4fCcuPsOHjlh+uukCgm4=">AAACC3icbVC7TsMwFHV4lvIKMLJYbZGYqrgLLEgVLIxF0IdIQ+S4TmvVech2kKooOwu/wsIAQqz8ABt/g9MGCVqOZOn4nHt17z1ezJlUlvVlLC2vrK6tlzbKm1vbO7vm3n5HRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3xRe5376mQLApv1CSmToCHIfMZwUpLrlmp9WPmIrsfYDXyvPQ6u0MOPIM//9us5ppVq25NARcJKkgVFGi55md/EJEkoKEiHEtpIytWToqFYoTTrNxPJI0xGeMhtTUNcUClk05vyeCRVgbQj4R+oYJT9XdHigMpJ4GnK/MV5byXi/95dqL8UydlYZwoGpLZID/hUEUwDwYOmKBE8YkmmAimd4VkhAUmSsdX1iGg+ZMXSadRR1YdXTWqzfMijhI4BBVwDBA4AU1wCVqgDQh4AE/gBbwaj8az8Wa8z0qXjKLnAPyB8fENaKaZ/w==</latexit>

This holds only when the Möbius bundle is restricted to the plane ! u1(kx) 2 R2
<latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit><latexit sha1_base64="erW9NVZ0l06k/mZ4cctGErNFUz0=">AAACBHicbVA9TwJBEJ3zE/Hr1JJmI5hgQ+5otCTaWKKRjwTOy96ywIa9vcvunpFcKGz8KzYWGmPrj7Dz37jAFQq+ZJKX92YyMy+IOVPacb6tldW19Y3N3FZ+e2d3b98+OGyqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdTv3WPZWKReJWj2PqhXggWJ8RrI3k24VS4rvlkf9wirpMoG6I9TAI0pvJXbXk20Wn4syAlombkSJkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKeTfDdRNMZkhAe0Y6jAIVVeOntigk6M0kP9SJoSGs3U3xMpDpUah4HpnB6pFr2p+J/XSXT/3EuZiBNNBZkv6icc6QhNE0E9JinRfGwIJpKZWxEZYomJNrnlTQju4svLpFmtuE7Fva4WaxdZHDkowDGUwYUzqMEV1KEBBB7hGV7hzXqyXqx362PeumJlM0fwB9bnD3Kllq4=</latexit>

Computed as the winding number of

ĥ = (hx, hz)/|h| 2 S1
<latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit><latexit sha1_base64="Ug3TCULSxJr4KLI3frR+nlwcH1Y="></latexit>

If we embed the Möbius bundle in  R3
<latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit>

bundles with even twists can be untwisted !

⇡1[Gr1(R3)] = Z2
<latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit>

u1(kx) 2 R3
<latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit>

we effectively add one extra band:

rotating out of plane

Möbius bundle



If we embed the Möbius bundle in  R3
<latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit>

bundles with even twists can be untwisted !

⇡1[Gr1(R3)] = Z2
<latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit><latexit sha1_base64="rzdZnDeVkcTLglWAliSnjsxeC1o=">AAACHnicbVDLSsNAFJ34rPUVdelmsBXqpiQV0Y1QdKHLKvaBbQyT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dpBW09MHDmnHu59x4vYlQqy/oy5uYXFpeWcyv51bX1jU1za7shw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW9wPvKb90RIGvIbNYyIE6Aepz7FSGnJNY+KsBNR14btToBUXwTJhUhdu5T9PC+5Tu8ODxx4Cn+E29StFF2zYJWtDHCW2BNSABPUXPOj0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlrylFApJNk56VwXytd6IdCP65gpv7uSFAg5TDwdOVoSTntjcT/vHas/BMnoTyKFeF4PMiPGVQhHGUFu1QQrNhQE4QF1btC3EcCYaUTzesQ7OmTZ0mjUratsn1VKVTPJnHkwC7YAyVgg2NQBZegBuoAgwfwBF7Aq/FoPBtvxvu4dM6Y9OyAPzA+vwHJ6KEG</latexit>

u1(kx) 2 R3
<latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit><latexit sha1_base64="c3KrKOjwclhMXhu5A9K2huWFE28=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapLFVSBhgrWBgLog+pCZHjOq1Vx4lsB1FFXVj4FRYGEGLlH9j4G5w2A7Qc6UpH59yre+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijy8zv3BMhacRv1TgmbogGnAYUI6UlzzyswMSzqyPv4QQ6lEMnRGro++nN5O604pllq2ZNAReJnZMyyNH0zC+nH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN51+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Mj5byXif95vUQF525KeZwowvFsUZAwqCKYRQL7VBCs2FgThAXVt0I8RAJhpYMr6RDs+ZcXSbtes62afV0vNy7yOIrgAByBKrDBGWiAK9AELYDBI3gGr+DNeDJejHfjY9ZaMPKZffAHxucPzUWW2Q==</latexit>

we effectively add one extra band:

rotating out of plane

The first homotopy invariant is computed by the Berry phase factor 

ei�[l] 2 {+1,�1}
<latexit sha1_base64="hMGJtEWtTRgzI3OxrID63cTbClo=">AAACCXicbVC7TsMwFHXKq5RXgJHFokVCAqqkC4wVLIxFog8pCZXjOq2F7US2g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMP7q4nffSBS0Vjc6nFCAo6GgkYUI22kvg1rkNxlFPpDxDnyWJBDnwroZyfu6Znr57W+XXXqzhRwkbgFqYICrb795Q9inHIiNGZIKc91Eh1kSGqKGckrfqpIgvA9GhLPUIE4UUE2/SSHR0YZwCiWpoSGU/X3RIa4UmMemk6O9EjNexPxP89LdXQRZFQkqSYCzxZFKYM6hpNY4IBKgjUbG4KwpOZWiEdIIqxNeBUTgjv/8iLpNOquU3dvGtXmZRFHGRyAQ3AMXHAOmuAatEAbYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNHE5gh</latexit><latexit sha1_base64="hMGJtEWtTRgzI3OxrID63cTbClo=">AAACCXicbVC7TsMwFHXKq5RXgJHFokVCAqqkC4wVLIxFog8pCZXjOq2F7US2g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMP7q4nffSBS0Vjc6nFCAo6GgkYUI22kvg1rkNxlFPpDxDnyWJBDnwroZyfu6Znr57W+XXXqzhRwkbgFqYICrb795Q9inHIiNGZIKc91Eh1kSGqKGckrfqpIgvA9GhLPUIE4UUE2/SSHR0YZwCiWpoSGU/X3RIa4UmMemk6O9EjNexPxP89LdXQRZFQkqSYCzxZFKYM6hpNY4IBKgjUbG4KwpOZWiEdIIqxNeBUTgjv/8iLpNOquU3dvGtXmZRFHGRyAQ3AMXHAOmuAatEAbYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNHE5gh</latexit><latexit sha1_base64="hMGJtEWtTRgzI3OxrID63cTbClo=">AAACCXicbVC7TsMwFHXKq5RXgJHFokVCAqqkC4wVLIxFog8pCZXjOq2F7US2g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMP7q4nffSBS0Vjc6nFCAo6GgkYUI22kvg1rkNxlFPpDxDnyWJBDnwroZyfu6Znr57W+XXXqzhRwkbgFqYICrb795Q9inHIiNGZIKc91Eh1kSGqKGckrfqpIgvA9GhLPUIE4UUE2/SSHR0YZwCiWpoSGU/X3RIa4UmMemk6O9EjNexPxP89LdXQRZFQkqSYCzxZFKYM6hpNY4IBKgjUbG4KwpOZWiEdIIqxNeBUTgjv/8iLpNOquU3dvGtXmZRFHGRyAQ3AMXHAOmuAatEAbYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNHE5gh</latexit><latexit sha1_base64="hMGJtEWtTRgzI3OxrID63cTbClo=">AAACCXicbVC7TsMwFHXKq5RXgJHFokVCAqqkC4wVLIxFog8pCZXjOq2F7US2g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMP7q4nffSBS0Vjc6nFCAo6GgkYUI22kvg1rkNxlFPpDxDnyWJBDnwroZyfu6Znr57W+XXXqzhRwkbgFqYICrb795Q9inHIiNGZIKc91Eh1kSGqKGckrfqpIgvA9GhLPUIE4UUE2/SSHR0YZwCiWpoSGU/X3RIa4UmMemk6O9EjNexPxP89LdXQRZFQkqSYCzxZFKYM6hpNY4IBKgjUbG4KwpOZWiEdIIqxNeBUTgjv/8iLpNOquU3dvGtXmZRFHGRyAQ3AMXHAOmuAatEAbYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNHE5gh</latexit>

A π-Berry phase indicates a non-orientable occupied subspace 

(first Stiefel-Whitney class)

Möbius bundle



The topology of the physical twisted strip is characterized by the boundary knot

tN = 0

( tN = twist number)

tN = 1 tN = 2

tN = 3

hopf link

trefoil knot tN = 4 doubled hopf link

two circles one circle

Correspondence between knots-links (in      ) and 

real 1D 2-band gapped phases (in      )

Möbius strip

R3
<latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit><latexit sha1_base64="mjwRxA+0u7vutXJlrkZgBhVhr3s=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBgLog+pDZXjOq1Vx4lsB6lE/RIWBhBi5VPY+BucNgO0HMnS0Tn36h4fP+ZMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXGd+55FKxSJxr6cx9UI8EixgBGsjDexyFfVDrMe+n97NHs6rA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lItexl4n9eL9HBpZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7XXKfm3tYrjau8jiIcwwmcgQsX0IAbaEILCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5A3eqkkw=</latexit>

R2
<latexit sha1_base64="572XX6jo10Of4TSYAeUq07IzgVk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpYwVLIwF0YfUhspxndaq40S2g1SifgkLAwix8ils/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WNza3tneJuaW//4LBsHx13VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrzO/+0ilYpG417OYeiEeCxYwgrWRhna5Ogixnvh+ejd/qKPq0K44NWcBtE7cnFQgR2tofw1GEUlCKjThWKm+68TaS7HUjHA6Lw0SRWNMpnhM+4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZJZSrXqZ+J/XT3Rw6aVMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmddOo116m5t/VK8yqvowincAYX4EIDmnADLWgDgQSe4RXerCfrxXq3PpajBSvfOYE/sD5/AHlJkks=</latexit><latexit sha1_base64="572XX6jo10Of4TSYAeUq07IzgVk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpYwVLIwF0YfUhspxndaq40S2g1SifgkLAwix8ils/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WNza3tneJuaW//4LBsHx13VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrzO/+0ilYpG417OYeiEeCxYwgrWRhna5Ogixnvh+ejd/qKPq0K44NWcBtE7cnFQgR2tofw1GEUlCKjThWKm+68TaS7HUjHA6Lw0SRWNMpnhM+4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZJZSrXqZ+J/XT3Rw6aVMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmddOo116m5t/VK8yqvowincAYX4EIDmnADLWgDgQSe4RXerCfrxXq3PpajBSvfOYE/sD5/AHlJkks=</latexit><latexit sha1_base64="572XX6jo10Of4TSYAeUq07IzgVk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpYwVLIwF0YfUhspxndaq40S2g1SifgkLAwix8ils/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WNza3tneJuaW//4LBsHx13VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrzO/+0ilYpG417OYeiEeCxYwgrWRhna5Ogixnvh+ejd/qKPq0K44NWcBtE7cnFQgR2tofw1GEUlCKjThWKm+68TaS7HUjHA6Lw0SRWNMpnhM+4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZJZSrXqZ+J/XT3Rw6aVMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmddOo116m5t/VK8yqvowincAYX4EIDmnADLWgDgQSe4RXerCfrxXq3PpajBSvfOYE/sD5/AHlJkks=</latexit><latexit sha1_base64="572XX6jo10Of4TSYAeUq07IzgVk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpYwVLIwF0YfUhspxndaq40S2g1SifgkLAwix8ils/A1OmwFajmTp6Jx7dY+PH3OmtON8W4WNza3tneJuaW//4LBsHx13VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrzO/+0ilYpG417OYeiEeCxYwgrWRhna5Ogixnvh+ejd/qKPq0K44NWcBtE7cnFQgR2tofw1GEUlCKjThWKm+68TaS7HUjHA6Lw0SRWNMpnhM+4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZJZSrXqZ+J/XT3Rw6aVMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmddOo116m5t/VK8yqvowincAYX4EIDmnADLWgDgQSe4RXerCfrxXq3PpajBSvfOYE/sD5/AHlJkks=</latexit>



2D topology: 

projective plane, Euler class, fragile topology, 

Weyl nodes accumulation



Three-level system

eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

(global sign of R is a gauge freedom)

gauge freedom for each pair of eigenvectors (ej,ek) ➞ -(ej,ek)

eigenvectors = right-handed orthonormal frame { e1 , e2 , e3 }

e1 e2

e3

↺
↺

↺

Classifying space for two-occupied bands and one unoccupied band:

Gr2(R3) =
SO(3)

S[O(2)⇥ O(1)]
= RP2 = S2/{x ⇠ �x}

<latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit> projective plane 

(sphere with antipodal points identified)

the orientation of subframes is a gauge freedom !

 (e1 , e2) , e3   ~ (e1 , -e2) , -e3  

“unoriented” surface

classifying space is of nematics!



Oriented double covering

RP2 = S2/{x ⇠ �x}
<latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit>

“cross-cap”

S2
<latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit>

RP2
<latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit>

path-connected

simply connected 

path-connected


⇡1[RP2] = Z2
<latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit>

orientable non-orientable

non-contractible loop



Oriented double covering

RP2 = S2/{x ⇠ �x}
<latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit>

“cross-cap”

S2 ! RP2
<latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit>

S2
<latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit>

RP2
<latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit>

path-connected

simply connected 

path-connected


⇡1[RP2] = Z2
<latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit>
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Topology over a loop of the BZ: Lie algebra representation:
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Weyl nodes to nodal lines conversion rule for ZrTe 6

FIG. 6. Weyl points and nodal lines in ZrTe. a. The Brillouin zone (BZ) and the principal band nodes of ZrTe under ambient
conditions. Weyl points (colored green resp. magenta according to their chirality) appear in pairs related by horizontal mirror m-plane
(cyan), and lie within three vertical C2T -planes (one shown in orange). Four triple points, located along the �-A direction, constitute
endpoints of two narrow nodal lines (blue). b. Band structure of ZrTe under ambient conditions. c. A zoom-in view of panel a
around K point. Only one of the three vertical C2T -planes passing through the K point is displayed (orange). d and e. Nodal lines
(brown) of ZrTe under 2% and 2.6% [001]-uniaxial compression strain inside the same region of BZ. f and g. Value of the Euler
form, in arbitrary units as indicated by the bar diagram, inside the red resp. the blue rectangular region inside inside the C2T -plane of
panel e, computed numerically using the algorithm discussed in the Supplementary Material. The Euler class [the combined surface
and boundary integrals in Eq. (5)] equals 1 (non-trivial) resp. 0 (trivial) for the two regions.

ditional crystalline symmetries may interact non-trivially
with the Euler class. Here, we consider the presence of a
mirror symmetry m, which facilitates a mirror-invariant
m-plane (cyan in Fig. 5d) perpendicular to the C2T -
plane (orange in Fig. 5d). Recall that mirror symme-
try can stabilize nodal-line degeneracies of bands with
opposite mirror eigenvalues [10, 11].

Let us consider a WP (green in Fig. 5c) stabilized in-
side C2T -plane on one side of the mirror. Such a WP has
a mirror-related partner of opposite chirality (magenta in
Fig. 5c) on opposite side of the m-plane. Moving the two
WPs together locally inverts the two bands along the in-
tersection m\C2T of the two planes. We distinguish
two possibilities. (1) If the two bands have the same
m eigenvalue, they hybridize inside the m-plane, result-
ing in an avoided crossing, and the two WPs annihilate
upon collision. (2) If the two bands have opposite mir-
ror eigenvalue, they cannot hybridize. Their crossing is
stable, implying that the two WPs convert to a NL [42].
Note that the resulting NL still crosses the C2T -plane at
two points (brown dots in Fig. 5c), which corresponds
to the “bouncing” of two nodes inside the C2T -plane
(white arrows in Fig. 5d) and as described above as (D).
Curiously, the fate of the reverse process, i.e. two NLs
colliding inside m\C2T , does not uniquelly follow from
the relative mirror eigenvalue of the two principal bands.
Nevertheless, we find that the outcome of such collistions
can be predicted by computing the Euler class of the two
NLs passing through the C2T -plane.

Node conversion in ZrTe.— Zirconium telluride (ZrTe)
belonging to space group P 6̄m2 (No. 187) is a triple-
point metal with non-saturating quadratic magnetoresis-
tance [46–49]. At ambient condition ZrTe further ex-
hibits 6 pairs of WPs (green and magenta in Fig. 6a)
related by mirror (m) symmetry (cyan sheets in Fig. 6)
near the K point of BZ, all of them lying inside vertical
C2T -planes [47] (orange sheets in Fig. 6a). The WPs are
located only 50meV above the Fermi level, which could
possibly be further lowered by doping. These properties
make ZrTe an ideal platform to study the interplay of
Euler class with crystalline symmetry.

We find, by performing first-principles computa-
tion [33, 50–52], that a 2% compressive uniaxial strain
in the z-direction brings the pairs of WPs of ZrTe to-
gether at the m-plane. We remark that its relatively
low Young modulus (122GPa in the z-direction [53])
should allow for photoemission studies of ZrTe under
large strains. The relative mirror eigenvalue of the two
bands forming the WPs are opposite [33], hence the col-
liding Weyl points convert into elongated NLs (brown
lines in Fig. 6d). Further increasing the strain to 2.6%
fuses three elongated NLs into two concentric NL rings
centered at the K point of BZ, see Fig. 6e.

The reverse process, i.e. relaxing the strain of com-
pressed ZrTe, exhibits a collisions of two NLs within a
C2T -invariant plane along both the �K as well as the
KM high-symmetry lines. However, only the collisions
along �K eject pairs of Weyl points, while the collision

predictions of WPs with non-trivial Euler class in MoP, NbS, and TaAs 
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A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

such that and

there exists a gauge with
<latexit sha1_base64="Q+bUdTCkus8ZfoDPM9Us4jHXw0s="></latexit>

H(k̄) ! eH(k̄)⇤ = eH(k̄)

<latexit sha1_base64="bz/5FdEwTlHnS+jWkIyppN5C5VM=">AAACI3icbVDLSsNAFJ34rPUVdelmsBVcSEm6UBGEqhuXFewDmlAmk0k7dDIJMxOhhPyLG3/FjQuluHHhvzhps9C2B4Y5nHMv997jxYxKZVnfxsrq2vrGZmmrvL2zu7dvHhy2ZZQITFo4YpHoekgSRjlpKaoY6caCoNBjpOON7nO/80yEpBF/UuOYuCEacBpQjJSW+uZ11QmRGmLE0tvMOXc8JFLHi5gvx6H+0lGWwRu4TK72zYpVs6aAi8QuSAUUaPbNieNHOAkJV5ghKXu2FSs3RUJRzEhWdhJJYoRHaEB6mnIUEumm0xszeKoVHwaR0I8rOFX/dqQolPlyujI/SM57ubjM6yUquHJTyuNEEY5ng4KEQRXBPDDoU0GwYmNNEBZU7wrxEAmElY61rEOw509eJO16zb6o2Y/1SuOuiKMEjsEJOAM2uAQN8ACaoAUweAFv4AN8Gq/GuzExvmalK0bRcwT+wfj5BeMqpa0=</latexit>

A k̄ = k̄

1D    spinful or spinless mT symmetry, C2T, PT


2D    spinful or spinless C2T symmetry, PT 


3D    spinless PT symmetry


4D    spinless PT symmetry

Non-Abelian topology


Euler insulators


Linked nodal rings


Second Euler insulators



d⌦ = Euijdkidkj
<latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit>

H(k) = 2n · nT � 1
<latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit>

dW

a

n

dW

b

n

u
2

u
1

Euler class:

H(k) = h(k) · � + h0(k)1
<latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit>

n = h/|h| 2 S2
<latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit>

Fij =
1
2n · (@in⇥ @jn)

<latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit>

d⌦ = Fijdkidkj
<latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit>

n(k) = u1(k)⇥ u2(k) 2 S2
<latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit>

Euij = n · (@in⇥ @jn)
<latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit>

c1 2 Z
<latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit>

� 2 2Z
<latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit>

(flattened)

H(k) = R(k)E(k)R(k)T , R(k) 2 SO(3)
<latexit sha1_base64="euZ5VYzthnd5c0MaPPxpa40TgL8="></latexit><latexit sha1_base64="euZ5VYzthnd5c0MaPPxpa40TgL8="></latexit><latexit sha1_base64="euZ5VYzthnd5c0MaPPxpa40TgL8="></latexit><latexit sha1_base64="euZ5VYzthnd5c0MaPPxpa40TgL8="></latexit>

Chern class (complex case)

Berry curvature and Euler form



d⌦ = Euijdkidkj
<latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit><latexit sha1_base64="27Nu3c7+hTCSMy1YRw1B8UHR47o=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKukCC1IFQmKjSPQhNVHkOG7r1k4i20GqovwBC7/CwgBCrKxs/A1OmwFajmTr6Jx7de89fsyoVJb1bSwtr6yurZc2yptb2zu75t5+W0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr++Cr3Ow9ESBqF92oSE5ejQUj7FCOlJc88qQbOLScDBC+gw5EaCp5eJ5mX0lEGg7FH829U9cyKVbOmgIvELkgFFGh65pcTRDjhJFSYISl7thUrN0VCUcxIVnYSSWKEx2hAepqGiBPpptN7MnislQD2I6FfqOBU/d2RIi7lhPu6Ml9Zznu5+J/XS1T/3E1pGCeKhHg2qJ8wqCKYhwMDKghWbKIJwoLqXSEeIoGw0hGWdQj2/MmLpF2v2VbNvqtXGpdFHCVwCI7AKbDBGWiAG9AELYDBI3gGr+DNeDJejHfjY1a6ZBQ9B+APjM8foYybww==</latexit>

H(k) = 2n · nT � 1
<latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit><latexit sha1_base64="eCzj+sBmA4uQmL9H3p0euGe3q88=">AAACNnicbZBNTwIxEIa7+IX4hXr00ggmeJDsctGLCdELFxNM+EpYJN1ugYZuu2m7JmSzv8qLv8MbFw8a49WfYBc4ADpJ0zfPzGRmXi9kVGnbnlqZjc2t7Z3sbm5v/+DwKH980lIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xvdpvv1MpKKCN/QkJL0ADTkdUIy0Qf38Q7FWcj3BfDUJzBePk0t4CytwmfHExb7Qa+ypAa9WkJMU+/mCXbZnAf8KZyEKYBH1fv7N9QWOAsI1ZkiprmOHuhcjqSlmJMm5kSIhwmM0JF0jOQqI6sWzsxN4YYgPB0KaxzWc0eWOGAUq3c1UBkiP1Houhf/lupEe3PRiysNIE47ngwYRg1rA1EPoU0mwZhMjEJbU7ArxCEmEtXE6Z0xw1k/+K1qVsmOXncdKoXq3sCMLzsA5KAEHXIMqqIE6aAIMXsAUfIBP69V6t76s73lpxlr0nIKVsH5+AUCPrEQ=</latexit>
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Chern class (complex case) Euler class (real case, (C2T)2 =+1)

H(k) = h(k) · � + h0(k)1
<latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit><latexit sha1_base64="LO/SIC6KiyGAxLfMPC/O3i6SYmk="></latexit>

n = h/|h| 2 S2
<latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit><latexit sha1_base64="S1RYrqNWcGzSwnMgFpZC0pE8PjA=">AAACLnicbZDLSsNAFIYn9VbjrerSzWAruKpJN7oRiiK4rGgv0MQymUzaoZNJmJkIJeSJ3PgquhBUxK2P4bTNohcPDPPznXNmzvm9mFGpLOvDKKysrq1vFDfNre2d3b3S/kFLRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wepxvPxEhacQf1Cgmboj6nAYUI6VRr3RjVhwvYr4chfpKeQYv4SwYZGfQ0Q+oeThl0KEc3j/WKr1S2apak4DLws5FGeTR6JXeHD/CSUi4wgxJ2bWtWLkpEopiRjLTSSSJER6iPulqyVFIpJtO1s3giSY+DCKhD1dwQmc7UhTK8aS6MkRqIBdzY/hfrpuo4MJNKY8TRTiefhQkDKoIjr2DPhUEKzbSAmFB9awQD5BAWGmHTW2CvbjysmjVqrZVte9q5fpVbkcRHIFjcApscA7q4BY0QBNg8AxewSf4Ml6Md+Pb+JmWFoy85xDMhfH7B+pvqQg=</latexit>

Fij =
1
2n · (@in⇥ @jn)

<latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit><latexit sha1_base64="nV6Zd5m1ziQdhu6e4fTTkcHpzX4="></latexit>

d⌦ = Fijdkidkj
<latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit><latexit sha1_base64="eoTW+i6lbvFQM5V0c/z8BEunOF0=">AAACEXicbVDLSgMxFM3UVx1foy7dBFuhqzLTjW6EoiDurGBboS1DJpNp0yaZIckIZegvuPFX3LhQxK07d/6NmbYLbT2QcDjnXu69J0gYVdp1v63Cyura+kZx097a3tndc/YPWipOJSZNHLNY3gdIEUYFaWqqGblPJEE8YKQdjC5zv/1ApKKxuNPjhPQ46gsaUYy0kXynYpfD7g0nfQTPYZcjPZA8u5r4GR1OYDjyaf4NYRn6TsmtulPAZeLNSQnM0fCdr24Y45QToTFDSnU8N9G9DElNMSMTu5sqkiA8Qn3SMVQgTlQvm140gSdGCWEUS/OEhlP1d0eGuFJjHpjKfGe16OXif14n1dFZL6MiSTUReDYoShnUMczjgSGVBGs2NgRhSc2uEA+QRFibEG0Tgrd48jJp1aqeW/Vua6X6xTyOIjgCx6ACPHAK6uAaNEATYPAInsEreLOerBfr3fqYlRasec8h+APr8we505ut</latexit>

n(k) = u1(k)⇥ u2(k) 2 S2
<latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit><latexit sha1_base64="n22K7IxbUyEjkBaLnKMCLo0zZfM=">AAACYHicbVHPT8IwGO2GPxBBQG96aQQTvJBtF72YEL14xCg/EoZL1xVs6Lql7TRk2T/pzYMX/xI74IDML2n6+t770q+vfsyoVJb1ZZilvf2Dw/JR5bhaO6k3mqdDGSUCkwGOWCTGPpKEUU4GiipGxrEgKPQZGfmLh1wfvRMhacRf1DIm0xDNOZ1RjJSmvMZHpe36EQvkMtRbyrPO9nGRXcM7uM0kmWcXLNBVNCRy1+gUjC7l8PnVgW3oNVpW11oVLAJ7A1pgU32v8ekGEU5CwhVmSMqJbcVqmiKhKGYkq7iJJDHCCzQnEw050gNN01VAGbzSTABnkdCLK7hitztSFMp8TO0MkXqTu1pO/qdNEjW7naaUx4kiHK8vmiUMqgjmacOACoIVW2qAsKB6VojfkEBY6T+p6BDs3ScXwdDp2lbXfnJavftNHGVwAS5BB9jgBvTAI+iDAcDg2ygZVaNm/Jhls24211bT2PScgT9lnv8CbV+2iA==</latexit>

Euij = n · (@in⇥ @jn)
<latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit><latexit sha1_base64="lmN2ecS40JyKiXv412QK2kt4Kn0="></latexit>

c1 2 Z
<latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit><latexit sha1_base64="HlnE4k1GxjyF6bHi8Ro/OcDvLCc=">AAAB/nicbVDLSsNAFL2prxpfUXHlZrAVXJWkG10W3bisYB/YlDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnX/bZKa+sbm1vlbXtnd2//wDk8aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmNzkfueRSsVica+nCe1HeCRYyAjWRho4J3aVDDzkM4H8COtxEGQPs+rAqbg1dw60SryCVKBAc+B8+cOYpBEVmnCsVM9zE93PsNSMcDqz/VTRBJMJHtGeoQJHVPWzefwZOjfKEIWxNE9oNFd/b2Q4UmoaBWYyj6iWvVz8z+ulOrzqZ0wkqaaCLA6FKUc6RnkXaMgkJZpPDcFEMpMVkTGWmGjTmG1K8Ja/vEra9Zrn1ry7eqVxXdRRhlM4gwvw4BIacAtNaAGBDJ7hFd6sJ+vFerc+FqMlq9g5hj+wPn8AIkmUTw==</latexit>

� 2 2Z
<latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit><latexit sha1_base64="SF2MiioY/020ZPktIukCYBldVfc=">AAACAHicbVC7TsNAEFyHVzAvAwUFzYkEiSqy00AZQUMZJPIQsRWdL5fklPPZujsjRVYafoWGAoRo+Qw6/oZz4gISRlppNLOr3Z0w4Uxp1/22SmvrG5tb5W17Z3dv/8A5PGqrOJWEtkjMY9kNsaKcCdrSTHPaTSTFUchpJ5zc5H7nkUrFYnGvpwkNIjwSbMgI1kbqOyd21SdjhnwmUN2PsB6HYfYwq/adiltz50CrxCtIBQo0+86XP4hJGlGhCcdK9Tw30UGGpWaE05ntp4ommEzwiPYMFTiiKsjmD8zQuVEGaBhLU0Kjufp7IsORUtMoNJ35iWrZy8X/vF6qh1dBxkSSairIYtEw5UjHKE8DDZikRPOpIZhIZm5FZIwlJtpkZpsQvOWXV0m7XvPcmndXrzSuizjKcApncAEeXEIDbqEJLSAwg2d4hTfryXqx3q2PRWvJKmaO4Q+szx+23pUy</latexit>

(flattened)

<latexit sha1_base64="YUcR+Rlbwt3GsvoE1sScf8ZA3sw=">AAACR3icbVC7TsMwFHXKq5RXgZHFokVqlyrpACxIFSyMBdGH1IbIcZxi1XEi20GqovB1LKxs/AILAwgx4rQdSsqRLB+fc6/u9XEjRqUyzTejsLK6tr5R3Cxtbe/s7pX3D7oyjAUmHRyyUPRdJAmjnHQUVYz0I0FQ4DLSc8dXmd97JELSkN+pSUTsAI049SlGSktO+b56Wxu6IfPkJNBXMk7r8ALWYsfKy0+x01zSFt88zdv1qlOumA1zCrhMrDmpgDnaTvl16IU4DghXmCEpB5YZKTtBQlHMSFoaxpJECI/RiAw05Sgg0k6mOaTwRCse9EOhD1dwqi52JCiQ2Xa6MkDqQea9TPzPG8TKP7cTyqNYEY5ng/yYQRXCLFToUUGwYhNNEBZU7wrxAxIIKx19SYdg5b+8TLrNhnXasG6aldblPI4iOALHoAYscAZa4Bq0QQdg8AzewSf4Ml6MD+Pb+JmVFox5zyH4g4LxC17xsuA=</latexit>

R(k) = (u1(k) u2(k) n(k))

Berry curvature and Euler form



Three-level system

eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

(global sign of R is a gauge freedom)

Classifying space for two-occupied bands and one unoccupied band:

Gr2(R3) =
SO(3)

S[O(2)⇥ O(1)]
= RP2 = S2/{x ⇠ �x}

<latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit><latexit sha1_base64="7krKeCqvOpyYTT6kcqSpdJA0Plk="></latexit> projective plane 

(sphere with antipodal points identified)

:    the rotation of subframes is a gauge freedom ! (e1 , e2 , e3 ) ~ (-e1 , e2 , -e3 )

“unoriented” surface

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Oriented double covering

RP2 = S2/{x ⇠ �x}
<latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit>

“cross-cap”

S2 ! RP2
<latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit>

S2
<latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit>

RP2
<latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit>

path-connected

simply connected 

path-connected


⇡1[RP2] = Z2
<latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit><latexit sha1_base64="kMRqw38PKPhxZbMX0GRZ3GzNGjU=">AAACG3icbZDLSsNAFIYn9VbrLerSzWAruCpJNroRim5cVrEXTGOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo2TNIK2Hhj4+P9zmHN+L2ZUSMP40ipLyyura9X12sbm1vaOvrvXFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpH7vXvCBY3CGzmNiROgUUh9ipFUkqtbDTiIqWvagwDJseel1xkskAdpO7uzHHgGf6zbzLUgbLh63WgaRcFFMEuog7Larv4xGEY4CUgoMUNC2KYRSydFXFLMSFYbJILECE/QiNgKQxQQ4aTFbRk8UsoQ+hFXL5SwUH9PpCgQYhp4qjNfU8x7ufifZyfSP3VSGsaJJCGefeQnDMoI5kHBIeUESzZVgDCnaleIx4gjLFWcNRWCOX/yInStpmk0zSur3jov46iCA3AIjoEJTkALXII26AAMHsATeAGv2qP2rL1p77PWilbO7IM/pX1+A5xHn90=</latexit>

⇡2[S2] = Z ⇠= ⇡2[RP2] = 2Z
<latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit>

orientable non-orientable

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Oriented double covering

RP2 = S2/{x ⇠ �x}
<latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit><latexit sha1_base64="xM344pY92op+P+0heN0WucUVDl8=">AAACIHicbVC7TsMwFHXKq5RXgJHFokVioSRdyoJUwcJYHn1ITagc122t2klkO6hVlE9h4VdYGEAINvganLRIUDiSpeNz7tW993gho1JZ1oeRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScKoTxqKKkbaoSCIe4y0vNF56rfuiJA08G/UJCQuRwOf9ilGSktds1pyOFJDz4uvEphRweN6cluBp/DbuU6/x9CJx46kHB6NnaTUNYtW2coA/xJ7RopghnrXfHd6AY448RVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqY+4kS6cXZgAg+00oP9QOjnK5ipPztixKWccE9XpjvLeS8V//M6keqfuDH1w0gRH08H9SMGVQDTtGCPCoIVm2iCsKB6V4iHSCCsdKYFHYI9f/Jf0qyUbatsX1aKtbNZHHmwB/bBIbBBFdTABaiDBsDgHjyCZ/BiPBhPxqvxNi3NGbOeXfALxucX8TmiKw==</latexit>

S2 ! RP2
<latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit><latexit sha1_base64="wabyL8PsIldY8/Qh2De126w6wc8=">AAACHXicbVDLSgMxFM34rPU16tJNsBVclZki6LLoxmV99AGdsWTSTBuaZIYko5ShP+LGX3HjQhEXbsS/MdOOoK0HAodzziX3niBmVGnH+bIWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMDzP/NYdkYpG4kaPYuJz1Bc0pBhpI3Xt47LHkR4EQXo9vq1C6EnaH2gkZXQPf5yr8ZRKntazULlrl5yKMwGcJ25OSiBHvWt/eL0IJ5wIjRlSquM6sfZTJDXFjIyLXqJIjPAQ9UnHUIE4UX46uW4MD43Sg2EkzRMaTtTfEyniSo14YJLZlmrWy8T/vE6iw1M/pSJONBF4+lGYMKgjmFUFe1QSrNnIEIQlNbtCPEASYW0KLZoS3NmT50mzWnGdintZLdXO8joKYB8cgCPgghNQAxegDhoAgwfwBF7Aq/VoPVtv1vs0umDlM3vgD6zPb8pfobQ=</latexit>

S2
<latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit><latexit sha1_base64="SKyFn9fZaofqoe0JKgUqLvKF+Ow=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFi0SU5V0gbGChbEI+pDaUDmu01p1nMh2QFXop7AwgBArX8LG3+C0GaDlSJaOzrlX9/j4MWdKO863VVhb39jcKm6Xdnb39g/s8mFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kKvM7D1QqFok7PY2pF+KRYAEjWBtpYJer/RDrse+nt7P7OkKoOrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+gydGmWIgkiaJzSaq783UhwqNQ19M5nlVMteJv7n9RIdXHgpE3GiqSCLQ0HCkY5Q1gMaMkmJ5lNDMJHMZEVkjCUm2rRVMiW4y19eJe16zXVq7k290rjM6yjCMZzAGbhwDg24hia0gMAjPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gAwU5Kg</latexit>

path-connected

simply connected 

⇡2[S2] = Z ⇠= ⇡2[RP2] = 2Z
<latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit><latexit sha1_base64="tmXWTxSOtPPY31JDPSMjvkJ/LT0="></latexit>

orientable
“cross-cap”

RP2
<latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit><latexit sha1_base64="KWiJMudaJ5piua8j3U5dRYpXlw0=">AAACBXicbZC7TsMwFIZPyq2UW4ARBosWialKusBYwcJYEL1Ibagc12mtOk5kO0hV1IWFV2FhACFW3oGNt8FpM0DLL1n69J9z5HN+P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vsrq7QcqFYvEnZ7E1AvxULCAEayN1bePK6gXYj3y/fR2OkcZpo3pfQ2hSt8uO1VnJrQMbg5lyNXo21+9QUSSkApNOFaq6zqx9lIsNSOcTku9RNEYkzEe0q5BgUOqvHR2xRSdGmeAgkiaJzSaub8nUhwqNQl905mtqRZrmflfrZvo4MJLmYgTTQWZfxQkHOkIZZGgAZOUaD4xgIlkZldERlhiok1wJROCu3jyMrRqVdepuje1cv0yj6MIR3ACZ+DCOdThGhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QOiqJda</latexit>

path-connected
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non-contractible loop

AB, T. Bzdusek, RJ Slager, Phys. Rev. B 102, 115135 (2020)



Computation of non-Abelian charges: lift diagram

monodromy representation = holonomy computation



A) Modeling of crystalline materials, classifying space of band 
structures, real Hamiltonians  

B) Multi-gap non-Abelian braiding of Weyl nodes 

C) 2D topology: projective plane, Euler class, fragile topology (3-
band, 4-band), number of stable Weyl nodes 

D) Non-Abelian reciprocal braiding of Weyl nodes, experimental 
predictions in ZrTe (TaAs), and twisted bilayer graphene 

E) Quenched Euler system in cold atoms  

F) Conclusions
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The patch D contains principal nodes 

and avoids adjacent ones 

The Euler connection and Euler form are continuous 

except at the principal nodes, 

while the Euler form is not exact (Eu ≠ da), 

it is nevertheless integrable !  
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Euler class:

Patch Euler number (gauge invariance of nodal points)


