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What is the missing piece on the
Chessboard?

“left-handed” King ⇔ “right-handed” King?
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Where is the missing
“sterile right-handed neutrino ν̄R”?
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Queen replaces the “sterile right-handed” King.

What can replace the missing “sterile right-handed”
(SU(2) singlet) neutrino ν̄R?

Ultra Unification (2020): Nonperturbative discrete global anomaly
cancellation permits to replace some of 0d particle ν̄R in 4d QFT to

a fermionic
4d or 5d Topological Quantum Field Theory (TQFT)

or 4d Conformal Field Theory (CFT) sector.
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Introduction
4d Standard Model (SM) with (15+1)Nf Weyl fermions coupled to
Yang-Mills gauge su(3)c × su(2)L × u(1)Ỹ in representation (rep):

×(Nf = 3) families.

Each spin-1/2 Weyl
fermion 2L of Spin(3,1)

d̄R ⊕ lL ⊕ qL ⊕ ūR ⊕ ēR⊕?ν̄R
= (3, 1)2,L ⊕ (1, 2)−3,L ⊕ (3, 2)1,L ⊕ (3, 1)−4,L ⊕ (1, 1)6,L⊕?(1, 1)0,L.

• There are also 8 of su(3)c , 3 of su(2)L, and 1 of u(1) spin-1

gauge bosons, and a spin-0 Higgs boson φH .

• Top t quark found in 1995. Higgs found in 2012.

• What’s next? Where is “sterile right-handed” neutrino ν̄R?
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Standard Model and GUT anomaly cancellation

Check: discrete Baryon minus Lepton (B− L, precisely Q− NcL) and

X ≡ 5(B− L)− 4Y ≡ 5(B− L)− 2
3 Ỹ . symmetries, local vs global

anomalies, index theorem and cobordism.
Juven Wang Ultra Unification and Categorical Symmetry of the Standard Model: Slides on http://idear.info/ 3



An important Anomaly Index: The family/generation number Nf

and the total “sterile right-handed” neutrino number nνR difference:

−Nf + nνR ≡ −Nf +
∑

j

nνj,R = −3 + nνe,R + nνµ,R + nντ,R + . . .
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Anomaly Cancellation
2+1d boundaries of 3+1d topological superconductor (TSC) protected
by an anti-unitary time-reversal symmetry T . (Bulk-Boundary
correspondence.)

3+1d  
Topological  

Superconductor
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k 2 Z16 class
<latexit sha1_base64="6l1a/7Ozhlqw3oo5s5IB+xNx99I=">AAAB9XicbVDLTgJBEOz1ifhCPXqZCCaeyC4a9UjwwhETeSSwkNmhFybMPjIzqyGE//DiQWO8+i/e/BsH2IOClXRSqeqe6S4vFlxp2/621tY3Nre2MzvZ3b39g8Pc0XFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9EZ3M7/5iFLxKHzQ4xjdgA5C7nNGtZG6he5loYqkQuKheaSXy9tFew6ySpyU5CFFrZf76vQjlgQYaiaoUm3HjrU7oVJzJnCa7SQKY8pGdIBtQ0MaoHIn862n5NwofeJH0lSoyVz9PTGhgVLjwDOdAdVDtezNxP+8dqL9W3fCwzjRGLLFR34iiI7ILALS5xKZFmNDKJPc7ErYkErKtAkqa0Jwlk9eJY1S0bkuXt2X8uVKGkcGTuEMLsCBGyhDFWpQBwYSnuEV3qwn68V6tz4WrWtWOnMCf2B9/gBf8ZEm</latexit>

3He B phase

2+1d 
massless  
Majorana 
fermions

3+1d  
Topological  

Superconductor

2+1d  
massive 

Majorana 
fermions
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T 2 = (�1)F Time-reversal symmetric

3+1d  
Topological  

Superconductor

2+1d gapped TQFT/ 
Topological Order 

or 
2+1d gapless CFT 
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E(~k)
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T -symmetric -symmetric
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T-breaking
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T

Fermion dispersion E (~k) in momentum space ~k .

Z16 class TSC: 4d Atiyah-Patodi-Singer eta invariant η4d .

Anomaly Cancellation via Topological Green-Schwartz mechanism.
Condensed matter review: Senthil 1405.4015.
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Anomaly Cancellation
3+1d boundaries of 4+1d “topological superconductor (TSC)” protected
by a unitary discrete Z4,X symmetry: Baryon minus Lepton and

electroweak U(1)Ỹ -hypercharge X ≡ 5(B− L)− 2
3 Ỹ .

4+1d  
Topological  

Superconductor
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k 2 Z16 class

3+1d 
massless  

Weyl 
fermions

4+1d  
Topological  

Superconductor

3+1d  
Majorana 

or Dirac mass  
(explicit or SSB)

symmetric Atiyah-Patodi-Singer (APS) eta     invariant

4+1d  
Topological  

Superconductor

3+1d gapped TQFT/ 
Topological Order 

or 
3+1d gapless CFT 
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E(~k)

-symmetric -symmetric-breaking
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X
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X2 = (�1)F
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Z16 class 5d eta invariant η4d (PD(A Z4,X

ZF
2

)). Decorate 3+1d TSC on

X -symmetry breaking domain wall in 4+1d, and condense the domain
wall configuration to restore X symmetry.

Wilczek-Zee ’79, Garcia-Etxebarria-Montero, Hsieh ’18, Wan-JW ’19, JW ’20.
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Ultra Unification (2020)

A unitary discrete Z4,X gauge force: Baryon minus Lepton and electroweak

U(1)Ỹ -hypercharge X ≡ 5(B− L)− 2
3 Ỹ .

QFT+TQFT/CFT on a curved spacetime under gravity.
(Lieb-Schultz-Mattis thm analogy: topological order in cond matt pseudogap)
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Ultra Unification (2020)
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Ultra Unification (2020) 4d and 5d coupled quantum system
A sterile neutrino (massless/massive) carries a Z16 class mixed
gauge-gravitational global anomaly index, which could be replaced by
interacting 4d or 5d gapped topological quantum field theory, or 4d
gapless conformal field theory.
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Outline

1. 4d Standard Model (SM) and 5d invertible topological
field theory (iTFT):
- Z2-class perturb local and Z16-class nonperturb global anomalies.
- Index theorem (Characteristic class) vs Cobordism.
- Ultra Unification: Anomaly cancellation/Cobordism constraint.
- Beyond SM and GUT + 4d TQFT/CFT + 5d iTFT sector.

2. Noninvertible Categorical Symmetry of the SM
- 4d QED example: U(1)A-U(1)2

V anomaly, of Z class.
- 4d SM: U(1)-gravity2 and U(1)3 anomaly, of Z2 classes.
- 4d SM: Z4-gravity anomaly, of Z16 class.
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(B− L)-(gravity)2 and (B− L)3 as Z-class ABJ anomaly or ’t Hooft anomaly in SM

d̄R ⊕ lL ⊕ qL ⊕ ūR ⊕ ēR ⊕ nνR ν̄R = (3, 1)2,L ⊕ (1, 2)−3,L ⊕ (3, 2)1,L ⊕ (3, 1)−4,L ⊕ (1, 1)6,L ⊕ nνR (1, 1)0,L.

Global sym B− L
(Backgrd. field)

gravitygravity

Global sym B− L
(Backgrd. field)

B− LB− L

(B− L)-(gravity)2 ⇒ jB : 0.
jL : −Nf + nνR .

(B− L)3 ⇒ jB : 0.
jL : −Nf + nνR .

The d ? jB = 0 but d ? jL 6= 0 d ? (jB − jL) 6= 0 only when Nf 6= nνR .

• Leptogenesis: Gravitation instanton generates unbalanced leptons.

Just ’t Hooft anomaly? Require the 16th Weyl fermion νR? or break (B− L), or?

• We will propose new scenarios: Ultra Unification.
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Anomaly polynomial of Weyl fermions: Atiyah-Singer index theorem. Anomaly
of a single Weyl fermion in 4d is the degree 6 part of Â ch(E):

Â = 1− p1

24
+

7p2
1 − 4p2

5760
+ . . . , (1)

ch(E) = rk E + c1(E) +

(
c2

1 (E)− 2c2(E)
)

2
+

(
(c3

1 (E)− 3c1(E)c2(E) + 3c3(E)
)

6
+ . . .

• Â: A-roof genus of spacetime tangent bundle TM. pj : jth Pontryagin class.
• ch: the total Chern character. cj : jth Chern class.
• E is the complex vector bundle associated w/ fermion rep.
• p1 = − 1

8π2 Tr[R ∧ R]. c1 = TrF
2π . c2 = 1

8π2 (−Tr(F ∧ F ) + (TrF ) ∧ (TrF )).

For the 4d SM, the explicit exp( iθ
∫
M6 I6) in terms of Pontryagin pj and Chern

cj characteristic classes can be obtained using the expansions of Â and ch(E ).

I6 ≡ (Ncc1(U(1)Q) + c1(U(1)L))Nf

(
18

c1(U(1)Ỹ )2

2
+ c2(SU(2))

)

+ (−Nf + nνR )

(
c1(U(1)L)3

6
− c1(U(1)L)p1(TM)

24

)

Juven Wang Ultra Unification and Categorical Symmetry of the Standard Model: Slides on http://idear.info/ 9



Feynman diagram interpretations of anomaly polynomial
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U(1)Q±NcL-symmetry violation
B± L (precisely Q± NcL) current j nonconservation:

d ? jQ = −NcNf (18
c1(U(1)

Ỹ
)2

2
+ c2(SU(2))).

d ? jL = −Nf (18
c1(U(1)

Ỹ
)2

2
+ c2(SU(2))) − (−Nf + nνR ) ( c1(U(1)L)2

6
− p1(TM)

24
).

d ? jQ+NcL = −2NcNf (18
c1(U(1)

Ỹ
)2

2
+ c2(SU(2))) − (−Nf + nνR ) (N3

c
c1(U(1)L)2

6
− Nc

p1(TM)
24

).

d ? jQ−NcL = (−Nf + nνR ) (N3
c

c1(U(1)Q−NcL)2

6
− Nc

p1(TM)

24
).

4d anomaly written as 5d invertible TQFT (iTFT) partition function Z
U(1)
5 = exp( iS5):

S5 ≡
∫
M5

(NcAQ+AL)Nf

(
18

c1(U(1)Ỹ )2

2
+ c2(SU(2))

)
+(−Nf +nνR )AL

(
c1(U(1)L)2

6
−

p1(TM)

24

)
.

S5 ≡ (−Nf + nνR )

∫

M5

AQ−NcL

(
N3

c

c1(U(1)Q−NcL)2

6
− Nc

p1(TM)

24

)
.
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4d Anomaly (5d iTQFT) of 15,16Nf -fermion GSMq ≡
SU(3)c×SU(2)

L
×U(1)Y

Zq−Nf + nνR ≡ −Nf +
∑

j nνj,R = −3 + nνe,R + nνµ,R + nντ,R + . . ..

• Spin×ZF
2
U(1)B−L or X × GSMq -symmetry.

Z-class perturbative local anomaly B− L or X ≡ 5(B− L)− 2
3Y :

U(1)3 and U(1)-grav2:

Z
U(1)
5 ≡ exp( i(−Nf + nνR )

∫

M5

AQ−NcL

(
N3

c

c1(U(1)Q−NcL)2

6
− Nc

p1(TM)

24

)
).

Index (−Nf + nνR ) ∈ Z.

• Spin×ZF
2
Z4,X × GSMq -symmetry. With X ≡ 5(B− L)− 2

3 Ỹ .

Z16-class nonperturbative global anomaly of Z4,X -gravity:

Z
Z4,X

5 ≡ exp( i(−Nf + nνR )

∫

M5

2π

16
η4d (PD(A Z4,X

ZF
2

))).

Index (−Nf + nνR ) mod 16 ∈ Z16 and η4d ∈ Z16.
4d bdry of 5d X -symmetric topological superconductor

Juven Wang Ultra Unification and Categorical Symmetry of the Standard Model: Slides on http://idear.info/ 12



Classify dd Anomalies and (d + 1)d iTQFT/SPTs via Cobordism

Spacetime-internal symmetry (Spin×ZF
2
U(1)B−L ×ZF

2
Z2Nf ,B+L × GSMq).

Spacetime-internal symmetry (Spin×ZF
2
Z4,X ×ZF

2
Z2Nf ,B+L × GSMq).

4d Anomaly (5d iTQFT) contained in the cobordism group (Nf = 3):

TP5(Spin×ZF
2
U(1)B−L × Z3,B+L × GSMq ) =

(
Z11
)
×
(
Z9 × Z7

3

)
.

TP5(Spin×ZF
2
Z4,X × Z3,B+L × GSMq ) =

{ (
Z5 × Z2 × Z2

4 × Z16

)
×
(
Z9 × Z4

3

)
, q = 1, 3.(

Z5 × Z2
2 × Z4 × Z16

)
×
(
Z9 × Z4

3

)
, q = 2, 6.

TP5(Spin×ZF
2
U(1)B−L × Z3,B+L × G[1]) =

(
Z2 × Z6/q

)
×
(
Z9 × (Z3)2 × (Z3)3n3

)
.

TP5(Spin×ZF
2
Z4,X × Z3,B+L × G[1]) =

(
Z16 × (Z4)n2 × Z6/q

)
×
(
Z9 × (Z3)2n3

)
.

TP5(Spin×ZF
2
Spin(10)) = Z2.

Freed-Hopkins cobordism TPD contains bordism groups Ωtorsion
D and Ωfree

D+1.

Wan-JW-You, arXiv:1910.14668, 2112.14765, 2204.08393

See also Garcia-Etxebarria-Montero 1808.00009, Davighi-Gripaios-Lohitsiri1910.11277
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Anomaly Matching

(’tHooft Anomaly Matching: Global G symmetry)Anomaly matching

UV theory (higher energy theory) 
                                   symmetry<latexit sha1_base64="w68YNqsFk7GjKuHbs9Dzl6OYEWo=">AAACCXicbVDLSgMxFM34rPU16tJNsBVclZki6kYouqjLCvYB7TBk0rQNzWSG5I5Qhm7d+CtuXCji1j9w59+YtiNo64HA4Zx7uLkniAXX4Dhf1tLyyuraem4jv7m1vbNr7+03dJQoyuo0EpFqBUQzwSWrAwfBWrFiJAwEawbD64nfvGdK80jewShmXkj6kvc4JWAk38bF6mXVd3EHeMg0rvrlH9rpRqCL2LcLTsmZAi8SNyMFlKHm258mSZOQSaCCaN12nRi8lCjgVLBxvpNoFhM6JH3WNlQSs8xLp5eM8bFRurgXKfMk4Kn6O5GSUOtRGJjJkMBAz3sT8T+vnUDvwku5jBNgks4W9RKBIcKTWnCXK0ZBjAwhVHHzV0wHRBEKpry8KcGdP3mRNMol96x0elsuVK6yOnLoEB2hE+Sic1RBN6iG6oiiB/SEXtCr9Wg9W2/W+2x0ycoyB+gPrI9vLLuYHw==</latexit>

G = G1 ⇥ G2 ⇥ . . .

symmetry breaking (SB)

<latexit sha1_base64="I+hT7oH6Ab9xGLGUW/Zg4kGtW/Y=">AAACDXicbZBLSgNBEIZr4iuOj0RdumlMBFdhJoi6DLrQZQTzgGQYejo9SZuenqG7RwhDzuAB3OoR3Ilbz+AJvIadx8Ik/lDw81cVVXxBwpnSjvNt5dbWNza38tv2zu7efqF4cNhUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mfRbT1QqFosHPUqoF+G+YCEjWJvILxbKXYIFoTy79R/HZeQXS07FmQqtGnduSjBX3S/+dHsxSSMqNOFYqY7rJNrLsNSMcDq2u6miCSZD3KcdYwWOqPKy6eNjdGqSHgpjaUpoNE3/bmQ4UmoUBWYywnqglnuT8L9eJ9XhlZcxkaSaCjI7FKYc6RhNKKAek5RoPjIGE8nMr4gMsMREG1b2wpkZnrFtyLjLHFZNs1pxLyrn99VS7XrOKA/HcAJn4MIl1OAO6tAAAim8wCu8Wc/Wu/Vhfc5Gc9Z85wgWZH39Aq1Bmt8=</latexit>

��Gj symmetry preserving

trivial gapped 
(invertible)

<latexit sha1_base64="hJ+o0vtiK3kbpT2CIwpt4s/hQ7Q=">AAACGHicbVDLSgNBEJz1GeMr6tHLYiJ4CrtB1GPQi8cI5gHJEmYnvcmws7PDPISw5CO8xp/xJl69+S8enCR7MIkFDUVVN91doWBUac/7djY2t7Z3dgt7xf2Dw6Pj0slpS6VGEmiSlKWyE2IFjHJoaqoZdIQEnIQM2mH8MPPbLyAVTfmzHgsIEjzkNKIEayu1Kz0juKn0S2Wv6s3hrhM/J2WUo9Ev/fQGKTEJcE0YVqrre0IHGZaaEgaTYs8oEJjEeAhdSzlOQAXZ/NyJe2mVgRul0hbX7lz9O5HhRKlxEtrOBOuRWvVm4n9e1+joLsgoF0YDJ4tFkWGuTt3Z7+6ASiCajS3BRFJ7q0tGWGKibULFpTUEcwJs6ZHMiKEEiCdFG5e/Gs46adWq/k31+qlWrt/nwRXQObpAV8hHt6iOHlEDNRFBMXpFU/TmTJ1358P5XLRuOPnMGVqC8/ULKuaggA==</latexit>

⌫Anomaly index

<latexit sha1_base64="BX5Z5QY2Hgd0IYUQeM30oyeGIhQ=">AAACGnicbVDLSgNBEJz1GeMr6tHLYCJ4CrtB1IsQ9OIxgnlIsoTZSW8yZHZ2mYcQlnyF1/gz3sSrF//Fg5NkDyaxoKGo6qa7K0g4U9p1v5219Y3Nre3cTn53b//gsHB03FCxkRTqNOaxbAVEAWcC6pppDq1EAokCDs1geD/1my8gFYvFkx4l4EekL1jIKNFWei51TCLMrVvqFopu2Z0BrxIvI0WUodYt/HR6MTURCE05UartuYn2UyI1oxzG+Y5RkBA6JH1oWypIBMpPZweP8blVejiMpS2h8Uz9O5GSSKlRFNjOiOiBWvam4n9e2+jwxk+ZSIwGQeeLQsOxjvH0e9xjEqjmI0sIlczeiumASEK1zSi/sIYSQYEvPJKapC8BhuO8jctbDmeVNCpl76p8+VgpVu+y4HLoFJ2hC+Sha1RFD6iG6oiiCL2iCXpzJs678+F8zlvXnGzmBC3A+foFMXuhAQ==</latexit>

⌫ = 0

symmetric 
massless/gapless

symmetric 
topologically ordered

Interaction driven: 
Symmetric Mass Generation (SMG)

Interaction driven: 
Topological Mass Generation (TMG)

(topological field theory: TQFT)

is invariant under renormalization 
group (RG)  flow

• Gapless 
• Gapped

<latexit sha1_base64="TQ2/BpCy45+mfgvPSsk/D0bPPvM=">AAACFHicbVBNS8NAEN34WeNX1aOXxVbwVJIi6rHoQY8V7Qe0oWy2k3TpZhN2N0IJ/Qle65/xJl69+188uG1zsK0PBh7vzTAzz084U9pxvq219Y3Nre3Cjr27t39wWDw6bqo4lRQaNOaxbPtEAWcCGpppDu1EAol8Di1/eDf1Wy8gFYvFsx4l4EUkFCxglGgjPZXvy71iyak4M+BV4uakhHLUe8Wfbj+maQRCU06U6rhOor2MSM0oh7HdTRUkhA5JCB1DBYlAedns1DE+N0ofB7E0JTSeqX8nMhIpNYp80xkRPVDL3lT8z+ukOrjxMiaSVIOg80VByrGO8fRv3GcSqOYjQwiVzNyK6YBIQrVJx15YQ4mgwBceydIklADDsW3icpfDWSXNasW9qlw+Vku12zy4AjpFZ+gCuega1dADqqMGoihEr2iC3qyJ9W59WJ/z1jUrnzlBC7C+fgFulp57</latexit>

G

• Free fermion/boson 
• Interacting Conformal CFT

NOT for anomalous Possible for nonperturbative global anomalous
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Anomaly Cancellation
Anomaly matching

symmetry breaking (SB)

<latexit sha1_base64="I+hT7oH6Ab9xGLGUW/Zg4kGtW/Y=">AAACDXicbZBLSgNBEIZr4iuOj0RdumlMBFdhJoi6DLrQZQTzgGQYejo9SZuenqG7RwhDzuAB3OoR3Ilbz+AJvIadx8Ik/lDw81cVVXxBwpnSjvNt5dbWNza38tv2zu7efqF4cNhUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mfRbT1QqFosHPUqoF+G+YCEjWJvILxbKXYIFoTy79R/HZeQXS07FmQqtGnduSjBX3S/+dHsxSSMqNOFYqY7rJNrLsNSMcDq2u6miCSZD3KcdYwWOqPKy6eNjdGqSHgpjaUpoNE3/bmQ4UmoUBWYywnqglnuT8L9eJ9XhlZcxkaSaCjI7FKYc6RhNKKAek5RoPjIGE8nMr4gMsMREG1b2wpkZnrFtyLjLHFZNs1pxLyrn99VS7XrOKA/HcAJn4MIl1OAO6tAAAim8wCu8Wc/Wu/Vhfc5Gc9Z85wgWZH39Aq1Bmt8=</latexit>

��Gj symmetry preserving

trivial gapped 
(invertible)

<latexit sha1_base64="BX5Z5QY2Hgd0IYUQeM30oyeGIhQ=">AAACGnicbVDLSgNBEJz1GeMr6tHLYCJ4CrtB1IsQ9OIxgnlIsoTZSW8yZHZ2mYcQlnyF1/gz3sSrF//Fg5NkDyaxoKGo6qa7K0g4U9p1v5219Y3Nre3cTn53b//gsHB03FCxkRTqNOaxbAVEAWcC6pppDq1EAokCDs1geD/1my8gFYvFkx4l4EekL1jIKNFWei51TCLMrVvqFopu2Z0BrxIvI0WUodYt/HR6MTURCE05UartuYn2UyI1oxzG+Y5RkBA6JH1oWypIBMpPZweP8blVejiMpS2h8Uz9O5GSSKlRFNjOiOiBWvam4n9e2+jwxk+ZSIwGQeeLQsOxjvH0e9xjEqjmI0sIlczeiumASEK1zSi/sIYSQYEvPJKapC8BhuO8jctbDmeVNCpl76p8+VgpVu+y4HLoFJ2hC+Sha1RFD6iG6oiiCL2iCXpzJs678+F8zlvXnGzmBC3A+foFMXuhAQ==</latexit>

⌫ = 0

symmetric 
massless/gapless

symmetric 
topologically ordered

Interaction driven: 
Symmetric Mass Generation (SMG)

Interaction driven: 
Topological Mass Generation (TMG)

(topological [Quantum] field theory: T[Q]FT)

• Gapless 
• Gapped

<latexit sha1_base64="TQ2/BpCy45+mfgvPSsk/D0bPPvM=">AAACFHicbVBNS8NAEN34WeNX1aOXxVbwVJIi6rHoQY8V7Qe0oWy2k3TpZhN2N0IJ/Qle65/xJl69+188uG1zsK0PBh7vzTAzz084U9pxvq219Y3Nre3Cjr27t39wWDw6bqo4lRQaNOaxbPtEAWcCGpppDu1EAol8Di1/eDf1Wy8gFYvFsx4l4EUkFCxglGgjPZXvy71iyak4M+BV4uakhHLUe8Wfbj+maQRCU06U6rhOor2MSM0oh7HdTRUkhA5JCB1DBYlAedns1DE+N0ofB7E0JTSeqX8nMhIpNYp80xkRPVDL3lT8z+ukOrjxMiaSVIOg80VByrGO8fRv3GcSqOYjQwiVzNyK6YBIQrVJx15YQ4mgwBceydIklADDsW3icpfDWSXNasW9qlw+Vku12zy4AjpFZ+gCuega1dADqqMGoihEr2iC3qyJ9W59WJ/z1jUrnzlBC7C+fgFulp57</latexit>

G

• Free fermion/boson 
• Interacting Conformal CFT

Only for anomaly-free

<latexit sha1_base64="hJ+o0vtiK3kbpT2CIwpt4s/hQ7Q=">AAACGHicbVDLSgNBEJz1GeMr6tHLYiJ4CrtB1GPQi8cI5gHJEmYnvcmws7PDPISw5CO8xp/xJl69+S8enCR7MIkFDUVVN91doWBUac/7djY2t7Z3dgt7xf2Dw6Pj0slpS6VGEmiSlKWyE2IFjHJoaqoZdIQEnIQM2mH8MPPbLyAVTfmzHgsIEjzkNKIEayu1Kz0juKn0S2Wv6s3hrhM/J2WUo9Ev/fQGKTEJcE0YVqrre0IHGZaaEgaTYs8oEJjEeAhdSzlOQAXZ/NyJe2mVgRul0hbX7lz9O5HhRKlxEtrOBOuRWvVm4n9e1+joLsgoF0YDJ4tFkWGuTt3Z7+6ASiCajS3BRFJ7q0tGWGKibULFpTUEcwJs6ZHMiKEEiCdFG5e/Gs46adWq/k31+qlWrt/nwRXQObpAV8hHt6iOHlEDNRFBMXpFU/TmTJ1358P5XLRuOPnMGVqC8/ULKuaggA==</latexit>

⌫Anomaly index summed to 0

Possible for nonperturbative global anomalous

<latexit sha1_base64="2Fy/BbhJE9wrTgIw5poW1WTRIp0=">AAACGnicbVDLSsNAFJ3UV42vqks3wVYQxJIUUZdFNy4r2Ie0oUwmN+3QmUmYmQgl9Cvc1p9xJ27d+C8unD4WtvXAhcM593LvPUHCqNKu+23l1tY3Nrfy2/bO7t7+QeHwqKHiVBKok5jFshVgBYwKqGuqGbQSCZgHDJrB4H7iN19AKhqLJz1MwOe4J2hECdZGei6FF17pMqS8Wyi6ZXcKZ5V4c1JEc9S6hZ9OGJOUg9CEYaXanptoP8NSU8JgZHdSBQkmA9yDtqECc1B+Nj145JwZJXSiWJoS2pmqfycyzJUa8sB0cqz7atmbiP957VRHt35GRZJqEGS2KEqZo2Nn8r0TUglEs6EhmEhqbnVIH0tMtMnIXlhDsCDAFh7J0qQnAQYj28TlLYezShqVsnddvnqsFKt38+Dy6ASdonPkoRtURQ+ohuqIII5e0Ri9WWPr3fqwPmetOWs+c4wWYH39AnsooJc=</latexit>

d + 1-dim
invertible  

TFT

<latexit sha1_base64="hTlgOlI9PNsk2MTRZW8kv0SGoxM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfVY9OKxgv2AdinZbLYNTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3M7zxRpVksH80kob7AQ8kiRrCxUqcaVi9CJgbliltz50CrxMtJBXI0B+WvfhiTVFBpCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVGJBtZ/Nz52iM6uEKIqVLWnQXP09kWGh9UQEtlNgM9LL3kz8z+ulJrrxMyaT1FBJFouilCMTo9nvKGSKEsMnlmCimL0VkRFWmBibUMmG4C2/vEra9Zp3Vbt8qFcat3kcRTiBUzgHD66hAffQhBYQGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDOjmO2g==</latexit>

d-dim

<latexit sha1_base64="hTlgOlI9PNsk2MTRZW8kv0SGoxM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfVY9OKxgv2AdinZbLYNTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3M7zxRpVksH80kob7AQ8kiRrCxUqcaVi9CJgbliltz50CrxMtJBXI0B+WvfhiTVFBpCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVGJBtZ/Nz52iM6uEKIqVLWnQXP09kWGh9UQEtlNgM9LL3kz8z+ulJrrxMyaT1FBJFouilCMTo9nvKGSKEsMnlmCimL0VkRFWmBibUMmG4C2/vEra9Zp3Vbt8qFcat3kcRTiBUzgHD66hAffQhBYQGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDOjmO2g==</latexit>

d-dim<latexit sha1_base64="hTlgOlI9PNsk2MTRZW8kv0SGoxM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfVY9OKxgv2AdinZbLYNTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3M7zxRpVksH80kob7AQ8kiRrCxUqcaVi9CJgbliltz50CrxMtJBXI0B+WvfhiTVFBpCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVGJBtZ/Nz52iM6uEKIqVLWnQXP09kWGh9UQEtlNgM9LL3kz8z+ulJrrxMyaT1FBJFouilCMTo9nvKGSKEsMnlmCimL0VkRFWmBibUMmG4C2/vEra9Zp3Vbt8qFcat3kcRTiBUzgHD66hAffQhBYQGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDOjmO2g==</latexit>

d-dim
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Anomaly CancellationAnomaly matching

symmetry breaking (SB)

<latexit sha1_base64="I+hT7oH6Ab9xGLGUW/Zg4kGtW/Y=">AAACDXicbZBLSgNBEIZr4iuOj0RdumlMBFdhJoi6DLrQZQTzgGQYejo9SZuenqG7RwhDzuAB3OoR3Ilbz+AJvIadx8Ik/lDw81cVVXxBwpnSjvNt5dbWNza38tv2zu7efqF4cNhUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mfRbT1QqFosHPUqoF+G+YCEjWJvILxbKXYIFoTy79R/HZeQXS07FmQqtGnduSjBX3S/+dHsxSSMqNOFYqY7rJNrLsNSMcDq2u6miCSZD3KcdYwWOqPKy6eNjdGqSHgpjaUpoNE3/bmQ4UmoUBWYywnqglnuT8L9eJ9XhlZcxkaSaCjI7FKYc6RhNKKAek5RoPjIGE8nMr4gMsMREG1b2wpkZnrFtyLjLHFZNs1pxLyrn99VS7XrOKA/HcAJn4MIl1OAO6tAAAim8wCu8Wc/Wu/Vhfc5Gc9Z85wgWZH39Aq1Bmt8=</latexit>

��Gj symmetry preserving

trivial gapped 
(invertible)
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⌫ = 0

symmetric 
massless/gapless

symmetric 
topologically ordered (TO)

Interaction driven:  
Symmetric Mass Generation (SMG)

Interaction driven: 
Topological Mass Generation (TMG)

(topological [Quantum] field theory: T[Q]FT)

• Gapless 
• Gapped
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G

• Free fermion/boson 

• Interacting Conformal CFT
Only for anomaly-free
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⌫Anomaly index summed to 0

Possible for nonperturbative global anomalous
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d + 1-dim
invertible 

TFT
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d-dim
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d-dim

Dirac or Majorana mass

Weyl fermions (15Nf +…)

New 4d unparticle CFT physics
New 4d TQFT or TO physics

New 5d bulk
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Anomaly Cancellation
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Logic to Ultra Unification

• Z16 global anomaly cancellation application.

Assumptions:
1 Standard Model (SM) Ginternal: Lie algebra su(3)× su(2)× u(1).

GSMq ≡ SU(3)×SU(2)×U(1)
Zq

, q = 1, 2, 3, 6.

2 15 × (Nf = 3) Weyl fermions (spacetime Weyl spinors) observed,
applicable to both SM and SU(5) GUT.

3 Discrete Baryon−Lepton number preserved (or not) at high energy:
Z4,X≡5(B−L)−4Y ⊃ ZF

2 , so X 2 = (−1)F , also dynamically gauged at
higher energy due to no global symmetry in quantum gravity (if we
embed the theory into quantum gravity).

Check: Perturbative local & nonperturbative global anomalies via cobordism.
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Logic to Ultra Unification
Consequences: Z16 anomaly index as total (Nf = 3)·(15 = −1 mod 16).

(−(Nf = 3) +
∑

j=e,µ,τ,...

nνj,R + νnew hidden sectors) = 0 mod 16.

Anomaly-cancellation?

(1) Standard Lore: R-handed sterile neutrino (16th Weyl) nνj,R = 1.
Z4,X preserved (gapless fermion) vs broken (gap) by Dirac or Majorana mass.

(2) My proposal: New hidden sectors beyond SM (∼ Lieb-Schultz-Mattis thm) :

1 Z4,X -symmetry-preserving anomalous gapped 4d TQFT (Topological
Mass). (Topo.Green-Schwarz mechanism. Boundary topological order [2+1d Vishwanath-Senthil’12].)

2 Z4,X -5d invertible TQFT (SPTs) by cobordism invariant η(PD(A Z4,X

ZF
2

)).

3 Z4,X -gauged-5d-noninvertible TQFT (SETs) + gravity.

4 Z4,X -symmetry-breaking gapped phase (e.g. Landau phase or 4d TQFT).

5 Z4,X -symmetry-preserving gapless or breaking gapless (e.g., extra CFT).

HEP-PH Gapped Extended 1d/2d Objects beyond 0d Particle Physics.
HEP-PH Gapless Unparticle CFT Physics.
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Anomaly Cancellation
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Math Physics Equations: Ultra Unification Path (Functional) Integral example

ZUU[AZ4 ] ≡ Z 5d-iTQFT/
4d-SM+TQFT

[AZ4 ] ≡ Z(−ν5d)
5d-iTQFT[AZ4 ] · Z(ν4d)

4d-TQFT[AZ4 ] · Z
(nνj,R )

SM [AZ4 ].

ZSM[AZ4 ] ≡
∫

[Dψ][Dψ̄][DA][Dφ] . . . exp( i SSM[ψ, ψ̄,A, φ, . . . ,AZ4 ]
∣∣
M4 )

SSM =

∫
M4

(
Tr(FI ∧ ?FI )−

θI
8π2

g 2
I Tr(FI ∧ FI )

)
+

∫
M4

(
ψ̄( i /DA,AZ4

)ψ

(Gauge) symmetry breaking +|Dµ,A,AZ4
φ|2 −U(φ)− (ψ†Lφ( iσ2ψ′L

∗
) + h.c.)

)
d 4x .

(−(Nf = 3) + (
∑

j=e,µ,τ,...

nνj,R ) + ν4d − ν5d) = 0 mod 16.

Z(−ν5d=−2)
5d-iTQFT [AZ4 ] · Z(ν4d=2)

4d-TQFT[AZ4 ] =
∑

c∈∂′−1(∂[PD(A3)])

e
2π i

8
ABK(c∪PD(A3))

· 1

2|π0(M4)|

∑
a∈C1(M4,Z2),

b∈C2(M4,Z2)

(−1)
∫
M4 a(δb+A3) · e

2π i
8

ABK(c∪PD′(b)).

Symmetry extension trivialize anomaly (JW-Wen-Witten’17 1705.06728). Fermionic non-abelian TQFT.
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Ultra Unification (2020) 4d and 5d coupled quantum system
A sterile neutrino (massless/massive) carries a Z16 class mixed
gauge-gravitational global anomaly index, which could be replaced by
interacting 4d or 5d gapped topological quantum field theory, or 4d
gapless conformal field theory.
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Fundamental Physics embodies Ultra Quantum Matter

Energy
1019GeV

MPlanck ∼

√
~c
GMGUT

1016GeV

≈

246GeV

Ultra Unification

Topological ForcesElectric

u(1)EM
Maxwell

1865

Magnetic Weak

su(2)L × u(1)Y
Glashow-Salam-Weinberg

1967

su(3)c × su(2)L × u(1)Y
Standard Model

Strong

su(5), etc. Grand Unification
Gerogi-Glashow

1974

GUT Forces

Ultra Unification
2020

Topological Forces . . .? . . .

. . .? . . .

Gravity

HEP-phenomenology: beyond 0d particle physics (to gapped extended
TQFT objects (topological order) or gapless unparticle CFT).
Quantum Matter in Math/Physics.
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Outline

1. 4d Standard Model (SM) and 5d invertible topological
field theory (iTFT):
- Z2-class perturb local and Z16-class nonperturb global anomalies.
- Index theorem (Characteristic class) vs Cobordism.
- Ultra Unification: Anomaly cancellation/Cobordism constraint.
- Beyond SM and GUT + 4d TQFT/CFT + 5d iTFT sector.

2. Noninvertible Categorical Symmetry of the SM
- 4d QED example: U(1)A-U(1)2

V anomaly, of Z class.
- 4d SM: U(1)-gravity2 and U(1)3 anomaly, of Z2 classes.
- 4d SM: Z4-gravity anomaly, of Z16 class.
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Modern view on “Symmetry”: G-K-Seiberg-W 1412.5148

Symmetry generator = charge operator = topological defect U

Invertible symmetry (group): Symmetry group G implies that the
fusion rules of the charge operators U (a.k.a. topological defects) is
described by the corresponding group law.
α1, α2 ∈ G and α1 + α2 ∈ G . (e.g., G = U(1))

Uα1 × Uα2 = Uα1+α2 , Uα1 × U−α1 = U0 = 1

Categorical or noninvertible symmetry (fusion category):
Charge operators obey fusion rules described by a fusion category.
For the full (i.e. closed under fusion) noninvertible symmetry, however, there is
no longer a one-to-one correspondence —

α = 2πp/N ∈ 2π ·Q/Z ⊂ 2π · R/Z ∼= U(1)

between Q/Z elements and the charge operators. Operators labelled by elements
of a certain commutative monoid M, such that the noninvertible fusion rules

Uα1 × Uα2 =
∑

j Uαj

correspond to the monoid’s binary operation and there is surjective
homomorphism of monoids M→ Q/Z.

Snowmass White Paper review: 2205.09545 e.g., Putrov 2208.12071
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4d QED example: U(1)A-U(1)2
V anomaly, of Z class

• Adler-Bell-Jackiw anomaly (ABJ) (1969)
axial A-vector V mixed anomaly

d ? jA = d ? (Ψ̄γ5γµΨdxµ) =
1

4π2
FV ∧ FV, FV = F = dA

Axial current jA non-conserved under dynamical FV.

• Choi-Lam-Shao (2205.05086), Cordova-Ohmori (2205.06243)

try to make sense d(?jA −
1

4π2
A ∧ dA) = 0.

Although the original U(1)A ∼= R/Z invertible symmetry is broken
by ABJ anomaly, there is a Q/Z subgroup that can be revived as
noninvertible symmetry by decorating the 3d charge operator with
3d abelian Chern-Simons TQFT (fractional quantum Hall states).
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Stoke’s theorem vs Anomaly on Noether theorem

•Uα(M) = exp
(
iα
2

∮
M ?jA

)
at α ∈ [0, 2π) ∼= U(1)A.

Uα(M ′)Uα(M)−1 = e
iα
2 (
∫
M′ ?jA−

∫
M
?jA) = e

iα
2

∫
M d?jA

= e
iα

8π2

∫
M F∧F = e

iα
2

∫
M c2

1 .

•Ûα(M) = exp
[
iα
2

∮
M

(
?jA − 1

4π2A ∧ dA
)]

at α ∈ U(1)A.

Ûα(M) topological, but not invariant under large gauge transf.

• D 1
N

(M) =
∫

[Da] exp
[
i
∮
M

(
2π
2N
? jA + N

4π
a ∧ da + 1

2π
a ∧ dA

)]

Define 3d noninv TQFT on the bdry of 4d inv FT.
D 1

N
(M)×D†1

N

(M) = exp
[
i
∮
M

(
N
4π a ∧ da− N

4π ā ∧ dā + 1
2π (a− ā) ∧ dA

)]
6= 1

rational angle α = 2π/N ⊂ U(1)A Noninvertible and nonunitary.
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4d QED: Anomalous invertible U(1)A broken,

but noninvertible symmetry is revived Choi-Lam-Shao (2205.05086)

Uα(M) Ûα(M) D p
N

(M)

Conserved (Topological) 7 3 3

Gauge-invariant 3 7 3

Invertible N/A 3 7

•Uα(M) = exp
(
iα
2

∮
M ?jA

)
at α ∈ [0, 2π) ∼= U(1)A

•Ûα(M) = exp
[
iα
2

∮
M

(
?jA − 1

4π2A ∧ dA
)]

at α ∈ U(1)A

•D 1
N

(M) =
∫

[Da] exp
[
i
∮
M

(
2π
2N
? jA + N

4π
a ∧ da + 1

2π
a ∧ dA

)]

Anomalous invertible e iα ∈ U(1)A symmetry broken by ABJ
anomaly, but the noninvertible counterpart survives at the

rational angle α = 2πp/N ∈ 2π·Q/Z ⊂ 2π·R/Z ∼= U(1)A
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4d SM suffers U(1)3
B−L and U(1)B−L-gravity2 anomaly

• Chern (1946), Pontryagin (1947), Eguchi-Freund (1976)

d ? jQ−NcL = (−Nf + nνR ) (N3
c

c1(U(1)Q−NcL)2

6
− Nc

p1(TM)

24
).

Pontryagin class : p1(TM) = − 1

8π2
Tr[R ∧ R].

R = dω + ω ∧ ω is the 2-form curvature of the Levi-Cevita
connection 1-form ω.

Local current density:

jQ = jQµdx
µ = qQ(ψ†LQσ̄µψLQ)dxµ, jL = jLµdx

µ = qL(ψ†LLσ̄µψLL)dxµ,

d ? j = k1
c2

1

3!
+ k2 p1

Putrov-JW 2302.14862
Juven Wang Ultra Unification and Categorical Symmetry of the Standard Model: Slides on http://idear.info/ 21



4d SM’s B-L suffers Mixed Gravity (Spinc U(1)3
B−L and

U(1)B−L-gravity2) anomaly, but noninvertible symmetry is revived

U(1) invertible sym 2π · (Q/Z) noninvertible sym
Background Grav Ambiguous Preserved

Semi Dynamical Grav Broken
(by Grav Anom)

Preserved

Full Quantum Grav Broken
(by Grav Anom)

Broken, or
(e.g. by wormhole)

Dynamically Gauged

Background vs Semiclassical Dynamical vs UV-Complete Full Quantum Gravity.

To be consistent with “No global symmetry in Full Quantum Gravity.”
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Stoke’s theorem vs Framing Anomaly on Noether theorem

•Uα(M ′)Uα(M)−1 = e iα(
∫
M′ ?j−

∫
M
?j) = e iα

∫
M d?j

= e
− ikα

24

∫
M p1 = e

ikα
24

∫
M

1
8π2 Tr[R∧R] = e

ikα
24·2π

∫
M dGCS.

GCS := 1
4πTr[ω ∧ dω + 2

3 ω ∧ ω ∧ ω]

•Ũα(M) = e iα
∫
M

(?j− k GCS
24·2π ) same form as Ũα(M ′)

• D(c ,T)(M) := e i c
∫
M( 2π

k ?j− 1
24 GCS) · ZT[M].

Fix the Framing Anomaly: f ∈ π3(SO(3)) ∼= Z .

Witten-Reshetikhin-Turaev-type 3d TQFT T with
c/k = α/(2π) mod 1 . k ∈ Z. c and α/(2π) ∈ Q/Z :

Ũα(M)ZT[M]→ Ũα(M)ZT[M] e−
iα k f

24 e
2π i f c

24 .
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Fix the Framing Anomaly
Ũ(Y) on 3-manifold Y above requires spin-connection ω and GCS
defined by some vierbein eµ

a (a choice of basis of orthonormal tangent
spacetime, trivialization of tangent bundle TY).

A change of the vierbein: The homotopy classes of trivializations of TY,
i.e. framings of the tangent bundle, form an integer class (Witten ’89)

f ∈ π3(SO(3)) ∼= Z

(or a torsor over H3(Y,Z) ∼= Z, Atiyah ’90). Large gauge transformation
of tangent bundle (whose structure group SO(3)) changes the framing by
f ∈ Z units, it shifts GCS by 2πf , then the charge operator changes as
follows:

Ũα(Y) → Ũα(Y) e−
iα k f

24 .

When α/(2π) is rational, we compensate it by 3d WRT TQFT with a 2d
rational CFT of chiral central charge c− ≡ cL − cR ∈ Q. Under the
change of framing of Y:

ZT[Y] → ZT[Y] e
2π i f c−

24 .
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4d SM’s B-L suffers Mixed Gravity (Spinc structure U(1)3
B−L and

U(1)B−L-gravity2) anomaly, but noninvertible symmetry is revived

Uα(M) Ũα(M) D(c−,T)(M) D(c−,T,Λ,n)(M)
Topological (w/ Grav) 7 3 3 3

Topological (w/ Grav + U(1)) 7 7 7 3
Grav general-covariant 3 7 3 3
U(1) gauge-invariant 3 7 7 3

Unitary N/A 3 7 7
Invertible N/A 3 7 7

“w/ Grav” means under (semi-classical dynamical or background) gravity.

•Uα(M) = e iα(
∫
M ?j).

•Ũα(M) = e iα
∫
M(?j− k GCS

24·2π ).

•D(c,T)(M) := e i c
∫
M( 2π

k
?j− 1

24
GCS) · ZT[M].

•D(c,T,Λ,n)(M) := e i c
∫
M( 2π

k
?j− 1

24
GCS) · ZT[M] · ZabCS

(Λ,n)[M ;A].
p.s. abCS is some abelian CS theory. ∵ the anomaly is in Spinc ,
so the Table is only loosely speaking.
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• Spin×ZF
2
U(1)B−L or X × GSMq -symmetry.

Z-class perturbative local anomaly B− L or X ≡ 5(B− L)− 2
3Y :

U(1)3 and U(1)-grav2:

Z
U(1)
5 ≡ exp( i(−Nf + nνR )

∫

M5

AQ−NcL

(
N3

c

c1(U(1)Q−NcL)2

6
− Nc

p1(TM)

24

)
).

Index (−Nf + nνR ) ∈ Z.
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• Spin×ZF
2
Z4,X × GSMq -symmetry. With X ≡ 5(B− L)− 2

3 Ỹ .

Z16-class nonperturbative global anomaly of Z4,X -gravity:

Z
Z4,X

5 ≡ exp( i(−Nf + nνR )

∫

M5

2π

16
η4d (PD(AZ2,X

))).

Index (−Nf + nνR ) mod 16 ∈ Z16.
4d bdry of 5d X -symmetric topological superconductor (TSC).
3d bdry topological order of 4d ZTF

4 -TSC (Pin+), T 2 = (−1)F .
See Putrov’s talk at UK Symmetry Seminar.
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Conclusion
1. An invertible U(1) symmetry can suffer from mixed
grav anomalies under gravitational backgrounds (such as
gravitational instantons), still a certain noninvertible
counterpart of discrete subgroup of U(1) can be revived
as a noninvertible categorical symmetry. SM’s B− L.

2. No global sym in quantum gravity: Fate of
Topological Defects? Categorical sym is broken or
dynamically gauged.
3. Leptogenesis and Baryogenesis, Dirac vs Majorana
masses vs exotic-BSM TQFT/CFT sectors —
Ultra Unification. THANK YOU - NYU Abu Dhabi
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Design Topological Operator: Compare w/ 2205.05086, 2205.06243
Let us compare two cases.
To make the defect topological, add by hand
• an improperly quantized CS term 1

4πNAdA
• an improperly quantized GCS term c−

24 GCS
but then it will be non-invariant under large gauge-diffeomorphism
transformations (which is the framing dependence of GCS in our story).

• For the former CS 1
4πNAdA, it can be fixed by considering a 3d TQFT T with

anomalous discrete magnetic 1-form ZN symmetry. Combine to get
N
4π ada + 1

2π adA similar to our T’ (fractional quantum Hall state).

• For the latter c−
24 GCS (that depends on metric and framing), it can be fixed

by a 3d WRT TQFT T that depends on framing with an opposite framing
anomaly. The combined theory is QFT T’ (that depends on metric). But the
outcome is Topological Operator that is independent of metric and framing:

ZT′ [Y] := e− i
c−
24

∫
Y GCS · ZT[Y].

D(c−,T′,Λ,n)(Y) := e i c−
∫
Y( 2π

k ?j) · ZT′ [Y] · ZabCS
(Λ,n)[Y;A]

where D(c−,T,Λ,n)(M) := e i c−
∫
M( 2π

k ?j− 1
24 GCS) · ZT[M] · ZabCS

(Λ,n)[M;A].
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Modern view on “Symmetry”
Gaiotto-Kapustin-Seiberg-Willett (1412.5148) and many others.

For the measurement of global symmetry:
charge operator U that measures,
charged object O that is being measured.

Symmetry generator = charge operator = topological defect U

Measurement: charge operator linked with charged object in Dd.

p-symmetry (e.g., p-form):
pd charged object. Codim-p + 1 thus (D − p − 1)d charge operator.

Σ2
e S1

e

Ue: electric 2-surface
(Ze2,[1]-symmetry generator,

charge operator)

We: Wilson 1-line
(charged object)
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Modern view on “Symmetry”
Gaiotto-Kapustin-Seiberg-Willett (1412.5148) and many others.

Measurement: charge operator linked with charged object in Dd.

p-symmetry (e.g., p-form):
pd charged object. Codim-p + 1 thus (D − p − 1)d charge operator.

Noether theorem: Continuous global symmetry labeled by α has a
conservation d ? j = 0. Charge conservation Q =

∫
dxD−1j0 integrated

over the spatial slice is conserved over time evolution. Define charge
operator Uα ≡ exp( iαQ) = exp( iα

∫
dxD−1j0), then [Ĥ, Û] = 0.

Consider more general operator on a closed codim-p + 1 manifold,

Uα ≡ exp( iα

∫
?j)

such that d ? j = 0 makes Uα topological operator in path integral.

Σ2
e S1

e

Ue: electric 2-surface
(Ze2,[1]-symmetry generator,

charge operator)

We: Wilson 1-line
(charged object)

If d ? j 6= 0 depends on external background ⇒ anomaly
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Modern view on “Symmetry”
Measurement: charge operator linked with charged object in Dd.

p-symmetry (e.g., p-form):
pd charged object. Codim-p thus (D − p − 1)d charge operator.

4d U(1) gauge theory,
∫
dA ∧ ?dA with dA = ?dAm.

charged object charge operator

U(1)e[1] e iqe
∮
A e i

θe
2π

∮
(?dA)|= dAm

U(1)m[1] e iqm
∮
Am e i

θm
2π

∮
(?dAm)|= dAe

{ qe , qm ∈ Z
θe , θm ∈ U(1) .

4d ZN gauge theory
∫

N
2πbda.

charged object charge operator

ZN
e
[1] e iqe

∮
a e i

Nθe
2π

∮
b

ZN
m
[2] e iqm

∮
b e i

Nθm
2π

∮
a

{ qe , qm ∈ ZN .
θe , θm = 2π

N k, k ∈ ZN .
.

Σ2
e S1

e

Ue: electric 2-surface
(Ze2,[1]-symmetry generator,

charge operator)

We: Wilson 1-line
(charged object)
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Spacetime and internal symmetry of the Standard Model (SM)?

0-symmetry
• Spacetime symmetry: Spin group. Diffeomorphism/grav. background. Spin

ZF
2

= SO.

GSMq ≡
SU(3)×SU(2)×U(1)

Ỹ
Zq

.

• Internal symmetry: U(1)B−L ×ZF
2
Z2NcNf ,Q+NcL × GSMq .

• Internal symmetry after gauging GSMq : U(1)B−L×ZF
2
Z2NcNf ,Q+NcL×Ze

6/q,[1]×U(1)m[1].

1-symmetry
Denote 1-form symmetry G[1] = G e

[1] × Gm
[1] = Ze

6/q,[1] ×U(1)m[1].

Z(GSMq ) π1(GSMq )∨ 1-form e sym G e
[1] 1-form m sym Gm

[1]

GSMq Z6/q ×U(1) U(1) Ze
6/q,[1] U(1)m[1]

• No C, P, T discrete symmetry within SM.
• We can replace the U(1)B−L to a discrete Z4,X (Wilczek-Zee ’79) that is more robust
and preserves the 4n fermion interactions (quarks and leptons with Z4,X charges 1):

X ≡ 5(B− L)− 4Y ≡ 5(B− L)− 2

3
Ỹ .

Tong 1705.01853, Anber-Poppitz 2110.02981. our 1912.13504, 2111.10369, 2112.14765.
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Interpretation of Adler-Bell-Jackiw (axial or chiral) anomaly

ZDiracΨ[A] or ZψL,ψR
[A]

ψL/R→e± iαψL/R

−−−−−−−−−−−−−−−−→∫
[DΨ̄][DΨ] exp

(
i
∫
Md d dx(Ψ̄( i /DA)Ψ+α

(
∂µJµ,Chiral +2Nf

(q g)d/2εµ1...µd

(d/2)!(4π)d/2 Fµ1µ2 . . .F...µd

)
)
)
,

• ’t Hooft anomaly of background (Backgrd.) fields. Mixed anomaly between U(1)V , U(1)A.
• Continuous U(1)A anomalous, but its discrete Z2Nf ,A can be anomaly-free with U(1)2

V

• ABJ: 4d anomaly U(1)A-U(1)2
V . Dynamical gauging U(1)V , the U(1)A broken to Z2Nf ,A.

(1) Dynamical gauge anomaly. (2) ’t Hooft anomaly of background fields. (3) Adler-Bell-Jackiw (ABJ)
type of anomalies. (4) Anomaly that involves two background fields of global symmetries and one dynamical
gauge field. The charge q ∈ Z is quantized, thus Z class perturbative local anomaly.
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Classify all invertible anomalies of QFT in ddim via cobordism
TPd+1(G ):

(Quantum) Anomaly in Physics: Boundary Phenomenon vs Bulk.

adjective for anomalies:

• (1) Z vs Zn-class: perturbative local vs nonperturbative global anomaly.

• (2) probes: gauge anomaly vs mixed gauge-grav. vs gravitational anomaly.

- chiral internal symmetry: chiral or axial anomaly.

• (3) bosonic (SO/O/E) vs fermionic (Spin/Pin±/DPin/EPin-structure).

• (4) background fields (’t Hooft anomalies) or dynamical fields

R.B.Laughlin ’81, Witten ’83-85, Callan-Harvey ’84-’85, Dai-Freed ’94, etc.

Cobordism: Kapustin’14, Kapustin-Thorngren-Turzillo-Wang’14 (proposed), Freed-Hopkins’16 (systematic),
Wan-JW’18 arXiv:1812.11967: Encode higher-sym/classifying space. Wan-JW-Zheng’19 arXiv:1912.13504

Application to SM: Garcia-Etxebarria-Montero’18, JW-Wen’18, Davighi-Gripaios-Lohitsiri’19, Wan-JW’19
arXiv:1910.14668
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Classify dd Anomalies and (d + 1)d iTQFT/SPTs via Cobordism

iTQFT: invertible topological field theory. Invertible path integral Z(M).
SPTs: Symmetry-protected topological state.
Bordism group (discrete and abelian group Z or Zn class): ΩG

d+1
• +: the disjoint union.
• Closure: Disjoint union of manifolds is a manifold.
• Identity: 0 is the empty manifold.
• Inverse: [M] + [M̄] = 0 since ∂(M × [0, 1]) = M t M̄.
• Associativity and commutativity: true for disjoint union.

Spin cobordism:Kapustin-Thorngren-Turzillo-Wang’14 (proposed), Freed-Hopkins’16 (systematic),
Wan-JW’18 arXiv:1812.11967: Encode higher-symmetry/classifying space.

Here we only concern a cobordism group TPd+1(G ) ,
(TPd+1(G ))free = (ΩG

d+2)free: local anomaly.

(TPd+1(G ))tors = (ΩG
d+1)tors: global anomaly.
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I. (Local) Anomalies of Spin(d)× GSMq |(SU(3)×SU(2)×U(1))/Zq

1 U(1)3
Y : 4d anomaly from 5d CS

U(1)
1 c1(U(1))2 and 6d c1(U(1))3

2 U(1)Y -SU(2)2: 4d anomaly from 5d CS
U(1)
1 c2(SU(2)), 6d c1(U(1))c2(SU(2))

3 U(1)Y -SU(3)2
c : 4d anomaly from 5d CS

U(1)
1 c2(SU(3)), 6d c1(U(1))c2(SU(3))

4 U(1)Y -(gravity)2: 4d anomaly from 5d µ(PD(c1(U(1)))), 6d c1(U(1))(σ−F·F)
8

5 SU(3)3
c : 4d anomaly from 5d 1

2
CS

SU(3)
5 , 6d 1

2
c3(SU(3))

6 4d global Witten SU(2) anomaly from 5d c2(SU(2))η̃, 6d c2(SU(2))Arf.
It becomes part of local anomaly in Z when q = 2, 6.

Davighi-Gripaios-Lohitsiri1910.11277, Wan-JW 1910.14668, Davighi-Lohitsiri 2001.07731 JW 2006.16996.
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II. (Local+Global) Anomalies: Spin×ZF
2
Z4,X × Ginternal/gauge

Focus on Z4,X = Z (Spin(10)) ⊂ U(1)X where X = 5(B− L)− 4Y .

G = Spin×ZF
2
Z4,X × GSMq and Spin×ZF

2
Z4,X × SU(5):

TPd=5(Spin×ZF
2
Z4,X × GSMq ) =

{
Z5 × Z2 × Z2

4 × Z16, q = 1, 3.
Z5 × Z2

2 × Z4 × Z16, q = 2, 6.
TPd=5(Spin×ZF

2
Z4,X × SU(5)) = Z× Z2 × Z16.

AZ2∈ H1(M,Z4,X/ZF
2 ) is a Z2-gauge field of Spin×ZF

2
Z4,X -manifold.

1 Mutated Witten SU(2) anomaly c2(SU(2))η̃:
4d Z2 to Z4 global anomaly free (q = 1, 3): c2(SU(2))η′.

4d Z2 to Z local anomaly free (q = 2, 6): 1
2
CS

U(2)
1 c2(U(2)) ∼ 1

2
c1(U(2))CS

U(2)
3 .

2 (AZ2 )c2(SU(2)): 4d Z2 global anomaly free (q = 2, 6)
3 (AZ2 )c2(SU(3)): 4d Z2 global anomaly free

4 c1(U(1))2η′: 4d Z4 global anomaly free
5 (AZ2 )c2(SU(5)): 4d Z2 global anomaly free

6 η(PD(AZ2 )): Ω
Spin×Z2

Z4

5
∼= ΩPin+

4 = Z16.

4d Z16 global anomaly not canceled for 15Nf Weyl fermions. Alternative stories?
Wan-JW 1910.14668
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Logic to Ultra Unification

(−(Nf = 3) +
∑

j=e,µ,τ,...

nνj,R + νnew hidden sectors) = 0 mod 16

(−(Nf = 3) +
∑

j=e,µ,τ,...

nνj,R + ν4d,TQFT + ν4d,others − ν5d) = 0 mod 16.

• ν4d,odd = 1, 3, 5, 7, · · · ∈ Z16 ⇒ Obstruction to symmetry-preserving gapped
phase. No 4d TQFTs constructible.

Cordova-Ohmori’19 1912.13069.

• ν4d,even = 2, 4, 6, 8, · · · ∈ Z16 ⇒ Symmetry-preserving gapped phase.
4d TQFTs constructible. Based on a symmetry-extension method.

JW-Wen-Witten’17 1705.06728.
Hsieh’18 1808.02881, Wan-JW-Zheng 1912.13504, JW 2006.16996, 2012.15860.
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Math Physics Equations: Ultra Unification Path (Functional) Integral example

ZUU[AZ4 ] ≡ Z 5d-iTQFT/
4d-SM+TQFT

[AZ4 ] ≡ Z(−ν5d)
5d-iTQFT[AZ4 ] · Z(ν4d)

4d-TQFT[AZ4 ] · Z
(nνj,R )

SM [AZ4 ].

ZSM[AZ4 ] ≡
∫

[Dψ][Dψ̄][DA][Dφ] . . . exp( i SSM[ψ, ψ̄,A, φ, . . . ,AZ4 ]
∣∣
M4 )

SSM =

∫
M4

(
Tr(FI ∧ ?FI )−

θI
8π2

g 2
I Tr(FI ∧ FI )

)
+

∫
M4

(
ψ̄( i /DA,AZ4

)ψ

(Gauge) symmetry breaking +|Dµ,A,AZ4
φ|2 −U(φ)− (ψ†Lφ( iσ2ψ′L

∗
) + h.c.)

)
d 4x .

(−(Nf = 3) + (
∑

j=e,µ,τ,...

nνj,R ) + ν4d − ν5d) = 0 mod 16.

Z(−ν5d=−2)
5d-iTQFT [AZ4 ] · Z(ν4d=2)

4d-TQFT[AZ4 ] =
∑

c∈∂′−1(∂[PD(A3)])

e
2π i

8
ABK(c∪PD(A3))

· 1

2|π0(M4)|

∑
a∈C1(M4,Z2),

b∈C2(M4,Z2)

(−1)
∫
M4 a(δb+A3) · e

2π i
8

ABK(c∪PD′(b)).

Symmetry extension trivialize anomaly (JW-Wen-Witten’17 1705.06728). Fermionic non-abelian TQFT.
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Anderson-Higgs symmetry breaking:
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Symmetry-breaking (Anderson-Higgs):
G broken down to Gsub.
Symmetry-extension:
1→ K → Ĝ

r→ G → 1.
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Neutrino νL vs TQFT sector
(Conventional) Quadratic neutrino mass term:

Dirac mass with some Higgs: (ν̄Rφ
†
HνL + ν̄LφHνR).

Majorana mass:
imMaj

2
(χTσ2χ + χ†σ2χ∗).

Both Dirac and Majorana masses:

Seesaw mechanism:
3 mass eigenstates have small mass ' |MDirac|2

|MS|
� |MDirac| for νL-like.

3 mass eigenstates have large mass MS for νR-like.
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New Proposal on Neutrino Mass

In contrast to the traditional seesaw mechanism
M2

Dirac
MS
� MDirac.

Standard Model’s “nearly massless”
left-handed neutrinos νj,L

travel and interact with topological defects

νe,L
νµ,L
ντ,L

zero energy modes trapped
at a topological defect

Ultra Unification replaces
some generation of “right-handed sterile neutrinos νj,R”

with a Z4,X -symmetry-preserving TQFT (or CFT) sector
which may allow Z4,X -topological defects locally

0

Energy spectrum E

zero-energy mode spectrum

topological defect subgap∆sub

TQFT gap∆TQFT

GUT or Planck scalesMGUT,Pl

≈

≈

The energy spectrum near the defect has energy subgap

∆sub .
∆2

TQFT

MGUT,Pl
. ∆small .

∆2
sub

∆TQFT
� MDirac.

(In analogy with the vortex subgap ∆sub ' ∆2
SC
EF

of superconductor gap ∆SC and

Fermi energy EF .) Both can give the left-handed neutrinos small masses.
(JW, Harvard HEP-String lunch Dec 1, 2020 and arXiv v3: 2012.15860)
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Neutrino νL vs TQFT sector

Convention: Neutrino pairs up to get Dirac
(left-handed νL with right-handed νR) or Majorana
(right-handed νR with itself) mass.

My talk:
Some of right-handed neutrinos νR may be replaced by
4d TQFT/5d iTQFT. Left-handed neutrinos νL travel
and interfere with the zero modes of topological defects
of TQFT.
• ∆TQFT gap replaces the right-handed νR mass MS.
• Subgap ∆sub or ∆small gives the left-handed νL mass.
• Mixed scenarios.
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Neutrinos: a (SU(2) singlet) right-handed neutrino (massless/massive)
carries a Z16 class mixed gauge-gravitational global anomaly index, which
could be replaced by interacting 4d or 5d gapped topological quantum
field theory, or 4d gapless conformal field theory. These theories provide
new neutrino mass mechanisms [arXiv:2012.15860].

4+1d  
Topological  

Superconductor

3+1d gapped TQFT/ 
Topological Order 

or 
3+1d gapless CFT 

-symmetric
<latexit sha1_base64="KXJ0WhY2YVt9hToMeGHmIvJ6Md4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+V2uVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8Ab6CNPw==</latexit>

X
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4d Anomaly (5d iTQFT) of 15,16Nf -fermion GSMq ≡
SU(3)c×SU(2)

L
×U(1)Y

Zq
Part 1:
• Spin×ZF

2
U(1)B−L or X × GSMq -symmetry.

Z-class local anomaly B− L or X ≡ 5(B− L)− 2
3Y : U(1)3 and U(1)-grav2:

Z
U(1)
5 ≡ exp( i(−Nf + nνR )((

∫

M5

Ac2
1 ) +

1

48
CS

T (PD(c1))
3 )).

−Nf + nνR ≡ −Nf +
∑

j nνj,R = −3 + nνe,R + nνµ,R + nντ,R + . . . .
• Spin×ZF

2
Z4,X × GSMq -symmetry.

Z16-class global anomaly of Z4,X -grav2:

Z
Z4,X

5 ≡ exp( i(−Nf + nνR )

∫

M5

2π

16
η4d (PD(AZ2,X

))).

Part 2:
• Spin×ZF

2
Spin(10)-symmetry.

Z2-class global anomaly. p ∈ Z2:

Z5 ≡ exp( iπ p

∫

M5

w2w3)|w2w3(TM)=w2w3(VSO(n)) arXiv:2112.14765

• We can also include Z2Nf ,B+L background field. arXiv:2204.08393
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II. Gauge-Enhanced Deconfined Quantum Criticality BSM (2021)

Deconfined
fractionalized
excitations

Deconfined Quantum Criticalities
 between Landau-Ginzburg phases

g

<latexit sha1_base64="2IUGVOCTUR3Y0EnMnaBLJ6a6jx0=">AAACCHicbZDPTsJAEMan+A/xH+rRSyOYeCItMeqR6EGPmAiSQCXbZYAN222zuzUhTV/AJ/CqT+DNePUtfADfwwV6EPBLJvnyzUxm8vMjzpR2nG8rt7K6tr6R3yxsbe/s7hX3D5oqjCXFBg15KFs+UciZwIZmmmMrkkgCn+ODP7qe9B+eUCoWins9jtALyECwPqNEm+ix3KFEUOTJTddNy91iyak4U9nLxs1MCTLVu8WfTi+kcYBCU06UartOpL2ESM0ox7TQiRVGhI7IANvGChKg8pLp16l9YpKe3Q+lKaHtafp3IyGBUuPAN5MB0UO12JuE//Xase5fegkTUaxR0NmhfsxtHdoTBHaPSaSaj40hVDLzq02HRBKqDai5KzM4qeHiLlJYNs1qxT2vnN1VS7WrjFAejuAYTsGFC6jBLdShARQkvMArvFnP1rv1YX3ORnNWtnMIc7K+fgFikpor</latexit>

⇢⇢G1
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⇢⇢G2

quantum phase diagram
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II. Gauge-Enhanced Deconfined Quantum Criticality BSM (2021)
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